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ABSTRACT 
Fractions—their concepts, procedures, and symbolic notation—are well-known for the 
difficulty they present children, beginning in elementary school, and often, persisting long after. 
However, promoting children’s development of flexible and robust conceptual knowledge in this 
content area is critical for their success both in and out of school. The overarching goal of this 
project is to investigate the tools that support elementary school-aged children’s fraction learning 
by focusing on two different, yet related areas in cognitive science: physical action on objects 
(i.e., working with concrete manipulatives) and gesture. The first study identifies the specific 
mental models about fractions children develop and express through their speech and gesture. 
The second paper presents a comparative case study that examines how two children’s 
coordination of speech, gesture, and manipulatives reveals their fraction knowledge. By honing 
in on how children use gesture and/or manipulatives at times to their advantage and, at others, to 
their disadvantage, these two studies explore children’s existing knowledge to understand the 
nature of their fraction concepts, and ultimately, to inform the design of educational 
interventions that foster learning.  
The third, and final, study experimentally tests how variations in tools across an 
instructional intervention affect children’s learning of fraction notation and magnitude 
estimation. Preliminary results suggest that three of the four conditions—a gesture-based lesson, 
a manipulatives and gesture-based lesson, as well as a pencil and paper-based control, but not the 
manipulative-based lesson—led to learning gains from pre- to posttest on magnitude-estimation 
problems. None of the conditions, however, were successful at promoting transfer to problems, 
which included area-model estimation and fraction-magnitude comparison, beyond the 
intervention’s purview. Taken together, these three studies lend further insight into the 
affordances and constraints of using manipulatives and gesture to support the development of 
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flexible and generalizable mathematics knowledge, concentrating specifically on a topic that 
challenges children as well as adults—fractions.   
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CHAPTER 1: INTRODUCTION 
Problem Statement 
Since the seminal work of Piaget and colleagues (Piaget 1960; Piaget, Inhelder, & 
Szeminska, 1960), understanding the processes that guide children’s fraction learning has 
motivated a substantial body of research in cognitive science, developmental psychology, and 
mathematics education—for good reason. Fractions are widely recognized for the serious and 
sustained challenges they cause children (Lee, Grigg, & Dion, 2007; National Mathematics 
Advisory Panel [NMAP], 2008; Siegler et al., 2010). According to a national report from the 
United States Department of Education (NMAP, 2008), children’s “difficulty with fractions 
(including decimals and percent) is pervasive and a major obstacle to further progress in 
mathematics, including algebra” (p. xix). For example, on the 2007 National Assessment of 
Educational Progress (NAEP), a standardized test administered to students across the U.S., only 
approximately one-third of eighth-grade students were likely able to place multiple fractions 
(e.g., !" , #! , and $%) in correct ascending order (Lee et al., 2007). Unfortunately, the challenges 
fractions pose can extend well beyond elementary and middle school. Research has suggested 
that adults also struggle with fraction-magnitude comparison as well (Stigler, Givvin, & 
Thompson, 2010).  
This persistent and protracted difficulty with fractions has been theorized to stem from a 
whole number bias, whereby we extrapolate our whole number knowledge onto the concepts and 
procedures of fractions (Ni & Zhou, 2005). To illustrate, for this project, I1 conducted a series of 
interviews with elementary school-aged children to explore their developing fraction concepts. 
                                                        
1Because I carried out the work under the direction of or in collaboration with others and plan to submit 
these for publication with co-authors involved in this work, in those chapters, I use the first-person plural 
rather than first-person singular. 
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During one particular interview, a child mistakenly compared &' and $#( by immediately 
concluding that “they’re not equivalent.” She went on to explain, “You can’t divide four into five 
and eight into ten, so I know that’s not equivalent.” In this interview, the child appeared to be 
comparing the numerators and denominators separately, treating each numeral independently as 
a whole number. 
In the U.S., children are introduced to fraction concepts in first and second grade through 
the part-whole, or area, model (Common Core State Standards, 2015). By teaching children how 
to partition a whole circle or rectangle into equal parts, fraction instruction builds on children’s 
intuitive and everyday experiences sharing (Mack, 1990; Siegler et al., 2010; Van de Walle, 
2013). However, if instruction disproportionately concentrates on the area model, children may 
encounter change-resistance (McNeil & Alibali, 2005), becoming further entrenched in the 
whole number bias. As Ni and Zhou (2005) contend, classroom instruction often ignores both the 
“conceptual conflict” that the whole number bias brings to bear on children’s fraction learning 
and the “conceptual restructuring” that must occur to overcome these enduring misconceptions 
(p. 35). To reduce the impact of the whole number bias, researchers and curriculum developers 
encourage children’s development of measurement and number-line estimation skills (Fazio, 
Kennedy, & Siegler, 2016; Hamdan & Gunderson, 2017; Saxe, Diakow, & Gearhart, 2013; 
Siegler et al., 2010; Siegler, Thompson, & Schneider, 2011; Zhang, Clements, & Ellerton, 2015). 
Object Manipulation and Gesture: Action-Based Tools for Learning Mathematics 
Concrete manipulatives are fixtures in mathematics classrooms, ranging from 
kindergarten to college. The influential work of Montessori (1912), Piaget (1964), and Bruner 
(1973) underscored the importance of providing children with educational activities whereby 
they engage with physical objects. Such activities provide children with a concrete and embodied 
base from which to develop abstract ideas and concepts. Within the topic of fractions, a 
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considerable—and growing—body of work has investigated the efficacy of various 
manipulatives in promoting children’s fraction learning (Fazio et al., 2016; Hamdan & 
Gunderson, 2017, Martin & Schwartz, 2005; Saxe et al., 2013; Siegler et al., 2011). 
Gestures, on the other hand, have been underutilized as an instructional tool in 
mathematics classrooms. Gestures, or the hand movements that accompany our speech (see, e.g., 
Goldin-Meadow, 2005; Kendon, 1980; McNeill, 1982), have been theorized not only to convey 
the ways we represent abstract mathematical ideas (Alibali, Bassok, Solomon, Syc, & Goldin-
Meadow, 1999; Núñez, 2008), but also to serve as facilitators of children’s mathematics 
learning. As an instructional tool, both the gestures that instructors (e.g., Alibali et al., 2013; 
Perry, Berch, & Singleton, 1995; Singer & Goldin-Meadow, 2005) and children (e.g., Congdon, 
Kwon, & Levine, 2018; Cook, Mitchell, & Goldin-Meadow, 2008; Novack, Congdon, Hemani-
Lopez, & Goldin-Meadow, 2014) produce have been associated with children’s learning. 
Recently, several studies have compared the differential effects of object manipulation and 
gesture on children’s learning of mathematical equivalence (Novack et al., 2014) and linear 
measurement (Congdon et al., 2018). But, to my knowledge, similar work has yet to be 
conducted within the topic fractions. Furthermore, less attention has been paid to studying how 
object manipulation and gesture interact to bring about children’s fraction learning (see, e.g., 
research by Radford, 2009, and Chen & Herbst, 2013, for multimodal approaches to high-school 
students’ learning of algebra and geometry, respectively).  
That we need to support the development of children’s flexible and generalizable fraction 
knowledge is undeniable: Academically, by becoming proficient in fractions, children become 
poised for future success in algebra (NMAP, 2008) and high school mathematics (Siegler et al., 
2012). Practically, by becoming proficient in fractions, children become poised for current and 
future success in everyday life—fractions are part and parcel of routine decision-making at 
4 
 
home, out in the world, and at work. Mindful of the cognitive conflict children experience during 
fraction learning, the current project examines how children’s existing fraction knowledge is 
revealed through their use of manipulatives and gesture and experimentally tests how variations 
in these tools support children’s development of flexible and generalizable fraction knowledge.  
Research Agenda 
The forthcoming studies approach one overarching question from multiple angles: How 
can we mobilize the semiotic resources (e.g., Lemke, 2003; Chen & Herbst, 2012) of object 
manipulation and gesture to facilitate children’s development of flexible and robust fraction 
knowledge? The first paper, found in Chapter 2, analyzes how children’s speech and gestures 
reveal their mental models (e.g., English, 1997; Gentner & Stevens, 1983) without any framing 
representations or tools to work with. Because children’s struggle with fractions has been 
theorized to stem from an entrenchment in whole number concepts and operations (Mack, 1990; 
Ni & Zhou, 2005), we sought to document children’s existing knowledge as a first step in 
understanding how various mental models might promote or constrain learning.  
The second paper, found in Chapter 3, presents a comparative case study that examines 
how the interplay between manipulatives, gestures, and speech reveals two children’s fraction 
knowledge. By comparing instances when conceptual understanding has and has not been 
achieved, my aim was to consider how children interpret and make meaning with and across 
different manipulatives not only to explore when the manipulatives support problem-solving, but 
also when they do not. Additionally, by taking a multimodal approach (Radford, 2009, 2018), I 
sought to understand the relationship between object manipulation and gesture and to identify 
how, through their coordination, children use these resources to build or express their fraction 
concepts. 
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The third paper, found in Chapter 4, presents preliminary findings from an experiment 
investigating the utility of concrete manipulatives, gesture, and their combination when 
introducing second- and third-grade students to fraction notation and magnitude estimation. 
Findings from the second paper informed the development of the instructional interventions used 
in this experiment. The specific motivations, theoretical foundations, and literature reviews for 
each paper can be found in their respective chapter. Finally, Chapter 5 considers the implications 
of this project for both theory and practice and proposes future directions for research. 
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CHAPTER 2: EXPLORING CHILDREN’S DEVELOPING FRACTION CONCEPTS 
THROUGH SPEECH AND GESTURE 
Children in elementary school often struggle when learning the mathematical symbols, 
concepts, and procedures related to fractions (Lee, Grigg, & Dion, 2007; National Mathematics 
Advisory Panel [NMAP], 2008; Siegler et al., 2010). According to a recent report from the 
Institute of Education Sciences (Siegler et al., 2010), many children in the United States do not 
reach a proficient level of conceptual understanding, despite having multiple years of fraction 
instruction. To illustrate, on the 2017 National Assessment of Educational Progress (NAEP), a 
standardized test administered to U.S. students, only 32% of fourth-grade students were able to 
identify whether the following fractions were less than, equal to, or greater than #!: #) , !) , !*, &*, !', 
and &' (National Center for Education Statistics, 2017).  
The extent of children’s difficulty with fractions is not confined to elementary school. It 
stretches into middle and high school when more advanced forms of mathematics, such as 
algebra, are introduced. For example, referring again to the 2017 NAEP, only 27% of eighth-
grade students could correctly identify the fraction or decimal number associated with two 
different points placed on a 0-to-3 number line, in addition to identifying the fraction or decimal 
number that designated their midpoint (National Center for Education Statistics, 2017).  
Dating at least back to work by Piaget (e.g., Piaget, 1960; Piaget, Inhelder, & Szeminska, 
1960), a vast and continually growing body of scholarship has examined how children learn 
fractions. That cognitive science, developmental psychology, and mathematics education 
researchers have pursued a commitment to understanding child cognition in one content area—
fractions—underscores the importance for children to develop a flexible understanding of 
fraction concepts early on. Research indicates that proficiency in this topic during elementary 
school underpins success in algebra (NMAP, 2008) and predicts performance in high school 
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mathematics (Siegler et al., 2012). In addition to setting children up for academic success in 
school, understanding fractions is vital for their success outside of school—they are inextricable 
parts of everyday tasks at home and work.  
The current study’s overarching goal is to explore developmental patterns in children’s 
developing fraction concepts through the examination of their speech and gesture. Based on 
McNeill’s (1992) classic work on gesture, we understand that cognition is expressed not just 
through language, but also through concomitant gesture. Following Goldin-Meadow (2005), we 
note that gestures made while speaking “make use of a distinctly different representational 
format than speech” (p. xiii) thereby providing a distinct window into children’s working mental 
models. Building on recent work by Edwards (2009) and Swart, Friedman, Kornkasem, Black, 
and Vitale (2014), which investigated how gesture reveals pre-service teachers’ and elementary 
school students’ fraction concepts, we aimed to identify variations in children’s mental models 
(Gentner & Stevens, 1983) of fractions, with the eventual goal of informing the design of 
instructional interventions to improve learning.  
Instructional Approaches to Teaching Children Fractions 
Because children are accustomed to sharing things every day, they intuitively grasp the 
concept of partitioning a whole object into equal parts (e.g., Empson, 1999; Mack, 1990, 2001). 
Researchers and curriculum developers recommend that teachers build on this informal 
knowledge when introducing fractions to their students (Mack, 1990; Siegler et al., 2010; Van de 
Walle, 2013). In the U.S., children—from as early as first grade—are primarily introduced to 
fractions through a particular model, the area model, in which a whole circle or rectangle is 
partitioned into equal segments, or parts (Common Core State Standards Initiative, 2015). 
However, curricula that disproportionately focus on the area model and the part-whole element 
of fractions may come with limitations (Ni & Zhou, 2005; Siegler et al., 2010): By highlighting a 
8 
 
whole circle’s discrete parts, for example, the area model may encourage children to treat the 
number of parts as whole numbers instead of fractions of a whole. In an influential study on 
children’s learning of fraction addition and subtraction, Mack (1990) observed that children 
initially were inclined to apply the properties and operations of whole numbers to fractions—a 
common cognitive error referred to as the whole number bias (Ni & Zhou, 2005). Mack (1990) 
observed that children tended to treat numerators and denominators as whole numbers in 
fraction-addition problems by adding across, as in +, + ./ = (+2.)(,2/), even when their informal 
knowledge compelled them to think otherwise—and also correctly. Additional research has 
suggested that the whole number bias also may discourage children from learning that fractions, 
like whole numbers, are continuous magnitudes (Newcombe, Levine, & Mix 2015; Siegler & 
Lortie-Forgues, 2014; Siegler, Thompson, & Schneider, 2011). In this way, the models used in 
instruction may impact the development of children’s mental models, both for better and for 
worse. 
Although the area model may be most commonly used in U.S. classrooms today, it is not 
the only model available. Alternatives to the area model include measurement models 
(Schmittau, 2003) as well as the more recent push for magnitude estimation on the number line 
(Fazio, Kennedy, & Siegler, 2016; Hamdan & Gunderson, 2017; Saxe, Diakow, & Gearhart, 
2013; Siegler et al., 2011; Zhang, Clements, & Ellerton, 2015). Both the measurement and 
magnitude-estimation models are argued to broaden children’s understanding of number as a 
system that stretches beyond whole numbers to include rational numbers, or fractions 
(Schmittau, 2003; Siegler & Lortie-Forgues, 2014; Siegler et al., 2011). Such methods have been 
hypothetically proposed to mitigate, and potentially circumvent, the whole number bias (Ni & 
Zhou, 2005; Schmittau, 2003; Siegler et al., 2011). In any case, the specific mental models that 
children have available will impact how they approach fraction problems, and if children have a 
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single model on which they rely, they may be blind to its shortcomings in circumstances when 
other models may provide a more parsimonious approach. A major purpose of this investigation 
is to uncover what mental models children bring to bear in an open-ended interview, to 
determine if they rely solely on the area model or if they rely on other models. That we are 
interested in the variety of children’s mental models, as they differ across individuals, is 
motivated by prior work, which has found that the presence of multiple strategies can spur 
learning and conceptual change (Piaget, 1947/1985; Siegler, 1989; Siegler & Jenkins, 1989). 
Developing Knowledge about Fractions: Construction of Mental Models 
If the ultimate goal of fraction instruction is to “foster the construction of mental models 
or representations that comprise the important relations and principles of a domain” (English, 
1997, p. 3), then in light of the diverse approaches available for teachers to use (e.g., the area 
model, measurement, magnitude estimation, etc.), we ask how do elementary school-aged 
children think about fractions? More specifically, what mental models do they rely on? Here, we 
draw on Norman’s (1983) definition of mental model as a “naturally evolving,” “incomplete,” 
“unstable,” “unscientific,” and “parsimonious” model formed by learners as they interact with 
the to-be-learned domain, which he called the target system (pp. 7-8). We take this as the 
framing for this study because mental models incorporate both the grounding metaphors (Lakoff 
& Núñez, 2000) and analogies (Gentner, 1989) that contribute to children’s fraction concepts; 
and when expressed through children’s speech and gesture, mental models reflect the embodied 
ways children have constructed their mathematics knowledge (Alibali & Nathan, 2012). 
The mental models children form are influenced by analogical (Gentner, 1989) and 
metaphorical (Lakoff, 1993; Lakoff & Núñez, 2000) reasoning, among other mechanisms. 
Indeed, both analogies and metaphors have been proposed to be powerful mechanisms of 
thinking by which knowledge is mapped from a source (Lakoff, 1993) or base (Gentner, 1983) 
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domain to the target domain. But, as English (1997) discussed, although both mechanisms serve 
similar functions in meaning-making, analogical reasoning occurs explicitly, whereas 
metaphorical reasoning occurs implicitly. For example, in an elementary school classroom, 
children may be asked to show what different fractions are (e.g., #&) using a common 
manipulative: fraction circles. Here, children are tasked with interpreting the manipulative—a 
concrete base or analog—as representing the target domain (the fraction #&). Successful learning 
through analogical reasoning entails children to transfer the shared relations between the 
concrete base and the target domain (Gentner, 1983).  
Metaphorical reasoning, on the other hand, is hypothesized to occur implicitly. Work by 
Lakoff and Núñez (e.g., Lakoff, 1993; Lakoff & Núñez, 2000) suggests that children and adults 
internalize abstract constructs automatically and unconsciously by grounding them in their 
embodied experience of the world. According to Lakoff and Núñez’s (2000) theory, the 
following metaphors form the basic foundations of abstract arithmetical thought: Object 
Collection, Object Construction, Measuring Stick, and Motion Along a Path. Aligning with 
recent literature, which has proposed that our speech and gestures can express the metaphors in 
which our mathematical knowledge is grounded (e.g., Alibali & Nathan, 2012; Núñez, 2008), we  
consider these metaphors as a meaningful lens from which to understand children’s mental 
models.   
Gesture as an Expression of Mathematical Thinking and Reasoning 
Common targets for analyses in research on children’s mental models are their 
explanations, drawings, and mathematical proofs. Another fruitful source of data, however, are 
their gestures. Like others (e.g., Goldin-Meadow, 2005; Kendon, 1980; McNeill, 1982), we 
define gestures as hand movements that occur spontaneously with speech. The spontaneous 
gestures that accompany speech have been argued to express the speakers’ mental 
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representations (Alibali, Bassok, Solomon, Syc, & Goldin-Meadow, 1999) and metaphorical 
mappings (Núñez, 2008) of mathematical problems or concepts. Within the topic of fractions, 
Edwards (2009) explored these ideas by interviewing 12 undergraduate, pre-service elementary 
school teachers and found that they primarily explained—and gestured—about fractions in three 
ways: (1) as a part of a whole; (2) as a physical object; and (3) as a symbolic notation or written 
inscription. Although Edwards’s contribution is important, there is need to explore how children 
conceive of—and gesture about—fractions in light of the great difficulty this topic presents for 
children, and also given that children’s knowledge may be represented differentially across 
modalities (e.g., Alibali, 1999; Perry, Church, & Goldin-Meadow, 1988; Singer, 2017).  
Towards this end, Swart et al. (2014) indexed approximately 18 different gestures 
pertaining to children’s conceptual and procedural knowledge about fractions when prompted 
with manipulatives and requests for drawing. The corpus of gestures amassed in this study lends 
insight into the complexity that guides children’s thinking about fractions as they engaged in 
activities which differed by representational formats and concrete learning materials. In contrast, 
we endeavored, in the current investigation, to identify the mental models that children of 
varying ages express—and rely on—without any framing activities or tools to document 
children’s existing knowledge of fractions. We see this as a first step in understanding how 
various children’s mental models promote or constrain learning, rather than what is promoted or 
constrained by the researcher. Thus, the following research questions guided our study: 
1. What do children’s speech and gestures—when analyzed separately and together—reveal 
about their (unframed) mental models about fractions?  
2. Based on what we observe in children at different ages, what developmental patterns can 
we discern in children’s mental models about fractions? 
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Method 
For the current study, we analyzed video recordings of 26 interviews with second- 
through fifth-grade students to identify how children conceive of fractions when prompted 
without any framing activities or tools with which to work. We present the range of mental 
models that children exhibit through the analysis of their verbal explanations and gestures. 
Sample 
One of the authors conducted 26 interviews with second- through fifth-grade students 
from four public elementary schools near a large Midwestern university. We chose to include 
children from across several grades because we wanted to capture the diversity of mental models 
that elementary school-aged children rely on while explaining their understanding of fractions. 
Of these, seven children were enrolled in a second-grade, gifted class2; two in third grade; six in 
third-grade gifted; two in fourth grade; eight in fourth-grade gifted; and one in fifth grade. A 
majority of children, including those from gifted classes (23 of 26 children), were enrolled in the 
same school, and nearly all of the children (24 of 26) had been formally introduced to fraction 
notation (Common Core State Standards Initiative, 2015). Children ranged in age from 7.5 to 
10.3 years (?̅? = 8.8, 𝑠 = .8 years). Of these children, 69.2% were female; 34.6% were White; 
53.8% were Asian; 7.6% were Black; and 3.8% were Multiracial. For 30.7% of children, English 
was not the primary language spoken at home. In addition, at the school where a majority of 
children in this sample attended (23 of 26), 60.1% of its student population was eligible for free 
or reduced-price lunch. 
                                                        
2Children from gifted classes were taught the next grade’s mathematics curriculum (i.e., the second-grade 
gifted students were learning third-grade mathematics). 
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Procedures and Measures 
Interview protocol. Interview questions assessed children’s conceptual understanding of 
fractions through open-ended questions (see Appendix A). During the interview, children were 
asked to explain their understanding of what a fraction means without the aid of pictures or 
manipulatives—so as not to prime their thinking—to capture the mental models expressed in 
their speech and gestures. Parts of the interview instrument were adapted from Lindgren, Wallon, 
Brown, Mathayas, and Kimball’s (2016) gesture-eliciting “show me” prompt.  
Data Coding and Analysis 
Generating interview themes. Based on separate analyses of the interview transcripts 
and video-recordings, categories of children’s mental models, as interpreted from their speech 
and gesture, were inductively generated by our research team. Our procedures for analyzing the 
qualitative interview data followed the general inductive approach outlined by Thomas (2006). 
Because children’s explanations were not primed in the interviews through educative tools such 
as pictorial representations or manipulatives, our goal for this part of the analysis was to identify 
children’s existing, and relied upon, mental models based on the central themes that emerged 
from the transcript and video-recorded data, which were expressed through their speech and 
gestures. After closely reading (and re-reading) the interview transcripts as well as viewing (and 
re-viewing) the video-recordings, which resulted in the development of and subsequent revisions 
to the coding scheme, we generated several key categories that captured children’s mental 
models across the two modalities of speech and gesture. 
Mental models as expressed through speech. For this dimension, one of the authors and 
a research assistant independently coded 35% of the transcript data, establishing a mean overall 
agreement of 96.9% across the five categories detailed in Table 2.1. One of the authors went on 
to code the remaining 65% of transcript data. Disagreements found in the double-coded data as 
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well as all cases of uncertainty for the remaining transcript data were reconciled through 
discussions between the two coders. Both coders independently recorded the observed presence 
or absence of each speech-derived, mental-model category. Using Bruckner and Yoder’s 
guidelines (2006), which take into account both base rates and Cohen’s (1960) kappa, our 
adjusted expected values for interrater reliability were between 90% and 95% for Whole Object 
and approximately 95% for Fraction Notation3. 
Table 2.1. Descriptions of the categories for children’s mental models of fractions as interpreted 
through their speech. 
 
Speech-Derived 
Mental Model 
Description Example 
Whole Object Children referred to a whole object 
(e.g., a circle, a pie, a square, etc.). 
“Say you have a circle, a whole 
circle…”  
 
Parts Children described a part as some 
equal-sized object that composes 
or divides a whole. 
“Well, fractions kind of means 
dividing things up into equal pieces.” 
 
 
Fraction 
Notation 
Children described specific 
numbers in relation to fraction 
notation (i.e., +,) using formal 
terminology (e.g., numerator, 
denominator) or informal 
descriptors (e.g., number on top, 
number on bottom). 
 
“To me, it's like you use the word 
denominator and numerator. Like, for 
example, two-fifths: The numerator is 
2 and denominator is 5.” 
 
 
 
Number Line Children referred to fractions as 
locations on the number line or 
described fractions spatially in 
relation to points along the number 
line. 
“So, it’s [a fraction] a number that is 
below the number one, but it’s not in 
the negatives’ class.” 
 
 
 
 
  
                                                        
3Adjusted interrater reliability values using Bruckner and Yoder’s (2006) guidelines can only be 
calculated for categories with non-zero Cohen’s (1960) kappa statistics. Thus, accuracy for Parts, Number 
Line, and Composition or Decomposition of Numbers were based on overall percent agreement (i.e., 
number of items agreed upon divided by total number of items), which was 88.9%, 100%, and 100%, 
respectively. Reliability for the Number Line and Composition or Decomposition of Numbers is not 
included here because these were not present in the double-coded transcript data that were used for 
calculating interrater reliability.  
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Table 2.1 (cont.). 
 
Speech-Derived 
Mental Model 
Description Example 
Construction or 
Deconstruction 
of Numbers 
Children described fractions as 
being a number that can be 
composed of or decomposed into 
smaller numbers. 
“[Fractions are] numbers put together 
in different categories. I’d say a 
fraction of 4 would be 1 or a fraction 
of 100 would be 25.” 
 
Mental models as expressed through gesture. To generate the gesture-derived, mental-
model categories that are detailed in Table 2.2, we viewed several videos to determine gestural 
representations of mental models. For example, when a child cupped both hands together into a 
circle (see, e.g., the upper-left screenshot in Table 2.2), we agreed that the child was depicting a 
whole circle. Because we were only interested in whether a child was working with a particular 
mental model (e.g., whole object) in speech and in gesture—but not in the variety of ways that 
the mental model was expressed (e.g., a rectangular whole vs. a circular whole still indicated a 
whole)—we ignored the multiple specific types and number of tokens any one child produced of 
a particular mental model. 
Both of the authors independently coded 30% of the video-recorded data with the audio 
track muted to isolate gesture apart from speech (following procedures reported in Perry et al., 
1988). We established a mean overall agreement of 99.3% across all four categories (see Table 
2.2), then, one of the authors went on to code the remaining 70% of video-recorded data4. The 
disagreement among the double-coded data, as well as cases of uncertainty for the remaining 
video-recorded data, were reconciled through discussions between the two authors.  
                                                        
4We could not compute Cohen’s (1960) kappa for any of the gesture-related categories because of their 
unequal base rates. Our data overwhelmingly skewed toward the presence of Whole Object and Parts and 
toward the absence of Fraction Notation and Number Line. Thus, we only report overall agreement here 
as an indicator of our interrater reliability. Overall agreement for identifying the models expressed 
through gesture was: 100% for Whole Object, for Fraction Notation, and for Number Line and 87.5% for 
Parts. 
16 
 
Table 2.2. Descriptions of the categories for children’s mental models of fractions as interpreted 
through their gesture. 
 
Gesture-Derived 
Mental Model 
Description Examples 
Whole Object Children used one or 
both of their hands 
to represent or draw 
a whole object (e.g., 
a circle, a square, 
etc.). 
        
 
Parts Children used their 
hands to designate 
part of a whole (e.g., 
by producing slicing 
or chopping 
movements (left), 
pinching movements 
(right), among 
others).     
 
Fraction 
Notation 
Children’s hand 
movements 
motioned to the 
spaces or 
represented specific 
numbers for the 
numerator and 
denominator, as in +,. 
 
 
 
 
Number Line Children swept one 
or both of their 
hands along a 
vertical or horizonal 
plane.  
 
  
 Analyzing interview themes from speech and gesture together. For our analysis of 
speech and gesture together, we created a new overarching mental model, Object Construction, 
which combined Whole Object and Parts because these two categories were frequently observed 
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in conjunction with one another during our separate analyses of speech and gesture. In addition, 
we combined each child’s speech- and gesture-derived mental models to record the overall 
presence or absence of each category. As an example, if a participant’s gesture from the video-
recording segment was only coded as Number Line, but their speech transcript was only coded as 
Whole Object, then this participant’s combined, mental-model category was coded as Number 
Line and Whole Object. To analyze the prevalence of each mental model in our sample, we 
compared the number of participants who produced, for example, a Number Line gesture, to the 
total number of participants in the sample.  
Results 
To address our research questions, first, we describe how children’s fraction conceptions, 
analyzed separately by the mental-model categories listed in Tables 2.1 and 2.2, were expressed 
in speech and in gesture. Second, we analyze speech and gesture together to consider the 
affordances of each modality. Finally, we analyze children’s speech and gesture together to 
explore developmental patterns in children’s various mental models by grade level. In addition to 
reporting descriptive statistics (see Table 2.3), we draw from interviews with participants—for 
whom pseudonyms are used—as illustrative examples throughout this section. 
 
Table 2.3. Percentage of children’s expressed mental models in speech and in gestures. 
 
Mental Model Whole 
Object 
Parts Fraction 
Notation 
Number 
Line 
Construction or 
Deconstruction 
of Number 
Speech-Only 80.8 
 
80.8 
 
 
42.3 11.5 
 
30.8 
 
Gesture-Only 96.2 
 
92.3 
 
 
42.3 11.5 
 
- 
 
 
Speech-derived mental models.  An overwhelming majority of children (76.9%) 
referred to both to a Whole Object and its Parts. Only one child referred to Parts without 
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mentioning a Whole Object, and another child referred to a Whole Object, but not its Parts, 
indicating that 80.8% of the children included these models in their speech. Take, as an example, 
fourth-grade student Joshua’s verbal explanation, which was coded as Whole Object and Parts. 
When explaining what he thought a fraction was, Joshua said, “Say you have a circle, a whole 
circle, you split it into half.” The third and fourth most frequently observed speech-derived, 
mental-model categories were Fraction Notation (42.3%) and Construction and Deconstruction 
of Numbers5 (30.8%). The final category, Number Line, was produced by 11.5% of the children.  
Gesture-derived mental models. A vast majority of children produced gestures that 
were classified as representing the mental models of Whole Object (96.2%) and Parts (92.3%). 
Similar to what we observed for the speech-only analysis, these two mental models occurred in 
tandem in all but three instances: One child produced gestures that were coded as Parts, but did 
not produce gestures for Whole Object, and conversely, two children produced gestures that 
were coded as Whole Object, but not Parts. Returning back to Joshua as an example, during the 
video-recorded playback of his interview, he gestured to represent a Whole Object by forming a 
circle with his hands, and then represented Parts by slicing the whole circle into half with his 
right hand (see the first example for both Whole Object and Parts in Table 2.2). The gesture-
derived categories of Fraction Notation (42.3%) and Number Line (11.5%) were observed at 
similar frequencies as their speech-derived counterparts (see examples in Table 2.2). 
Analyzing speech and gesture together: Convergence. For 50% of our participants, the 
mental-model categories observed through their speech and gesture converged. In other words, 
for these participants, the speech-derived codes assigned to their interview transcripts matched 
the gesture-derived codes assigned to their video-recordings. All of these 13 participants’ speech, 
                                                        
5The mental model of Construction and Deconstruction of Numbers is a category that was unique to 
speech in this data set, as no similar code was generated from our inductive analyses of the muted video-
recordings. We revisit this category and explore its implications in the Discussion. 
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coded from verbal transcripts, and gestures, coded from video-recordings, contained references 
to the mental-model categories of Whole Object and Parts, and within this subset, 84.6% of 
participants referred only to these two mental models, and nothing more. The remaining two 
participants referred to Fraction Notation in addition to Whole Object and Parts in both speech 
and gesture. 
Second-grade gifted student, Lizzie, serves as an example of how the mental models for 
Whole Object and Parts can converge across speech and gesture. She explained that a fraction is 
“…like, when you have a whole, you divide into a part, and one of those pieces is like a fraction 
of it.” During her explanation, Lizzie produced a series of gestures that accompanied her speech, 
which we coded as Whole Object and Parts (see Figure 2.1).  
Figure 2.1. Excerpts from Lizzie’s interview where her speech and gestures were both coded as 
Whole Object and Parts. The bolded speech above the pictures indicates when the gestures were 
produced. 
 
“…Like, when you have a whole, …” “…you divide into a part, and one of those pieces 
         is like a fraction of it.” 
 
         
 
Next, we revisit Christina’s interview to illustrate how the mental models of Number Line 
and Fraction Notation can converge across speech and gesture. Christina produced the following 
explanations and gestures when asked how she would explain what a fraction is to a friend. 
When she said, “A fraction—that’s not with a whole number, the whole number zero…,” she 
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clasped both hands together in a prayer formation, bringing both her hands down to her left at an 
unmarked point on the desk (see Figure 2.2a). Then, when she went on to say, “…is more than 
zero,” her hands, still in prayer formation, created an arc that swept up and down, landing 
horizontally to the right of the starting point, at another unmarked spot on the desk (see Figure 
2.2b). She ended her explanation by saying, “…but less than one,” and here, her hands created 
another arc that swept back up and down, landing horizontally to her left, at their initial point of 
origin (see Figure 2.2c). We coded her mental model in both speech and gesture as Number Line. 
Figure 2.2. Excerpts from Christina’s interview where her speech and gestures were both coded 
as Number Line. The bolded speech above the pictures indicates when the gestures were 
produced. (Figure 2.2a is on the left, b in the middle, and c on the right.) Further details of 
Christina’s explanation can be found in the text. 
 
“A fraction—that’s not with                      
A whole number, the whole  
number zero…”            “…is more than zero…”          “…but less than one.”     
                
 
Christina also gave evidence of Fraction Notation in both speech and gesture. Christina 
said, “You can understand it by, you know, the divide sign… dividing sign.” When talking about 
the divide sign, Christina created a horizontal plane with her left forearm, sliding it from left to 
right for emphasis (see Figure 2.3a). She continued, “So, here’s the divide-sign line…,” and 
during this segment, she reproduced the horizontal plane with her right arm (see Figure 2.3b). 
Then, when she said, “…And then the top is like a circle, and the bottom is like another circle—
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numerator and denominator,” she motioned to the spaces above and below the fraction bar, or 
vinculum (see Figure 2.3c, d, f, and e). 
Figure 2.3. Excerpts from Christina’s interview where her speech and gestures were both coded 
as Fraction Notation. The bolded speech above the pictures indicates when the gestures were 
produced. (Figure 2.2a is the upper-left picture, b upper right, c middle left, d middle right, e 
lower left, and f lower right.) 
  
“You can understand it by, you know,    
the divide sign, dividing sign…”      “…So, here’s the divide-sign line, …” 
    
 
“…and then the top is like a circle, …”          “…and the bottom is like another circle, …” 
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Figure 2.3 (cont.). 
 
“…numerator…”     “…and denominator.” 
    
 
Analyzing speech and gesture together: Divergence. For the remaining 13 participants, 
the mental-model categories coded for speech and gesture did not converge. Within this subset, 
61.5% of the participants’ data from speech and gesture did not converge because of the unique-
to-speech category, Construction and Deconstruction of Numbers. In an attempt to tease apart 
the central meaning of this mental model and how it might relate to gesture, we looked for 
instances when participants’ speech was only coded for Construction and Deconstruction of 
Numbers. To explore this, we examine data from one third-grade student, Otis. In his interview, 
when Otis explained that fractions were “numbers put together in different categories,” he 
produced a series of three partitioning gestures that started off with his hands out wide, on either 
side of his body, and worked their way inward. This series of gestures was coded as Whole 
Object and Parts (see Figure 2.4). He also went on to say that, when teaching what a fraction is 
to a friend, “I’d say a fraction of 4 would be 1 or a fraction of 100 would be 25,” which was also 
coded as Construction and Deconstruction of Numbers. During this part of his explanation, 
however, Otis did not gesture. 
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Figure 2.4: Transcripts of Otis’ speech that was coded as Construction and Deconstruction of 
Number as well as screenshots of the gestures that were coded as Whole Object and Parts. The 
bolded speech above the pictures indicates when the gestures were produced. (Figure 2.4a is on 
the left, b in the middle, and c on the right.) 
 
“[Fractions are] numbers put together in different categories…” 
 
     
 
For about half (46.2%) of the participants for whom the data from speech and gesture 
diverged, their gestures revealed more about their mental models than their speech did. Let us 
take Ben, a second-grade gifted student, as an example. He said, “There’s a whole… No. Yeah. 
There’s a third, and the third turns into one-third because there’s one of the third pieces.” Taken 
alone, Ben’s verbal explanation explains the parts, but does not quite tell us how he conceives of 
the whole. However, when paired with his gestures, an encircling gesture, we see that Ben 
conceived of fractions as a Whole Object, a circle (expressed in gesture), which is divided into 
Parts, or “pieces” (expressed in speech). 
Developmental patterns in mental models by grade level. When looking for 
developmental patterns, we chose to examine which mental models children produced across 
speech and gesture. Our analysis of interview transcripts and video-recordings showed that 
children conceived of fractions in four predominant ways: as Object Construction6 (100% of the 
children), Fraction Notation (46.1%), Construction and Deconstruction of Number (30.8%), and 
                                                        
6Due to the prevalent co-occurrence of Whole Object and Parts across speech and gesture, we collapsed 
these codes to form one overarching mental model category, Object Construction, for the grade-level 
analysis.  
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as a location on a Number Line (11.5%). We also noticed a developmental pattern in the use of 
single versus multiple models (see Figure 2.5). Third-grade students predominantly relied on the 
single model of Object Construction (77.8% of third-graders), whereas fourth-grade students 
predominantly relied on multiple models (i.e., beyond Whole Object, fourth-graders also 
expressed at least one additional mental model; this was observed in 87.5% of fourth-graders). In 
fifth grade, the distribution between single and multiple models was more balanced, with a 
majority of fifth-grade students relying on multiple models (66.7% of fifth-graders).  
Figure 2.5. Percentage of children’s use of single versus multiple models in their spoken and 
gestured explanations, by grade level. 
 
 
Discussion 
Since the seminal work of Piaget (Piaget 1960; Piaget et al., 1960), children’s fraction 
concepts have been an area of intensive study by researchers in cognitive science, developmental 
psychology, and mathematics education. This extensive body of work is motivated by the fact 
that “fractions and rational numbers are notorious for the difficulty elementary school students 
experience in learning them” (Ni & Zhou, 2005, p. 27) and that “difficulty with fractions 
(including decimals and percent) is pervasive and a major obstacle to further progress in 
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mathematics, including algebra” (NMAP, 2008, p. xix). In the current study, we explored the 
ways children conceive of fractions by examining their speech and gesture during individual 
interviews that were conducted without any concrete learning materials for children to work 
with. By isolating the modalities of speech and gesture without any framing representations or 
tools, our main goal was to understand “what children have” (McNeil & Alibali, 2005, p. 895) by 
capturing children’s existing knowledge—or mental models—through their speech and gesture.  
Using Speech and Gesture to Understand Children’s Mental Models of Fractions 
Through the separate coding and analysis of interview transcripts and muted video-
recordings, we found that, across the two modalities, children conceived of fractions as a Whole 
Object, Parts, Fraction Notation, Composition and Decomposition of Number, and Number Line. 
Except for the mental models of Composition and Decomposition of Number and Number Line, 
our finding that children predominantly conceive of fractions as Whole Object and Parts 
connects to Edwards’ (2009) findings on pre-service teachers’ conceptions. Edwards’ interviews 
with pre-service teachers revealed that they also conceive of fractions in notational form, which 
we found to be true with the children in our sample, as well. Edwards (2009) classified these 
gestures as a special type of iconicity, which she termed iconic-symbolic. This study’s findings 
also connect to work by Swart et al. (2014), as many of the gestures children produced in our 
interviews (e.g., encircling, slicing, chopping, written notation, etc.) aligned with the conceptual 
gestures they observed as well.  
That nearly all of the children expressed the mental models of Whole Object and Parts in 
either their speech, gesture, or both, could reflect the informal knowledge they gained through 
everyday experiences sharing (Empson, 1999; Mack, 1990, 2001) or through formal classroom 
experiences partitioning the area of a whole object into parts (Common Core State Standards 
Initiatives, 2015). One caveat that should be considered when interpreting these findings is that 
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nearly all of the children (88.5%) were enrolled in the same school, which used the Everyday 
Mathematics curriculum. We believe that these findings likely reflect both types of knowledge 
and we claim that the speech and gestures children produced provide evidence of their existing 
knowledge, or working mental models. We also claim that these gestures provide further 
evidence for the theory that abstract mathematics concepts are embodied (Alibali & Nathan, 
2012; Lakoff & Núñez, 2000). Since McNeill (1992) developed his gestural typology, many 
researchers have subsumed iconic and metaphoric gestures under the overarching category of 
representational gestures (Alibali & Nathan, 2012). Likewise, in this study, we do not focus on 
implications related to typological differences (see, e.g., Lemke, 2002) in gesture, but instead, on 
the value of representational gestures both for the children’s meaning-making and for 
communication.  
The separate treatment of children’s speech and gesture also manifested in an exclusively 
speech-derived mental model, Construction and Deconstruction of Numbers. To understand how 
this category inductively emerged from our analysis of speech, but not gesture, we searched for 
participants whose coded speech transcripts only contained the mental model of Construction 
and Deconstruction of Numbers, and no other mental model. As can be expected, the 
overwhelming prevalence of Whole Object and Parts made this difficult—although one student, 
third-grade student Otis, met this criterion. His speech was coded as Construction and 
Deconstruction of Number, and his gestures were coded as Whole Object and Parts. We 
highlight Otis as a point for discussion here on two fronts—one related to theory, the other, 
practice. We discuss the theoretical implications of this unique-to-speech mental model next, and 
expand on its practical implications in the following section. 
Theoretically, Otis’ interview provides not only a clear example of a metaphoric gesture 
(McNeill, 1992) that is grounded in conceptual metaphor (Lakoff & Núñez, 2000), but it also 
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provides an example of an analogical gesture (Cooperrider & Goldin-Meadow, 2017). 
Cooperrider and Goldin-Meadow (2017) expanded on McNeill’s (1992) taxonomy to create a 
special type of metaphoric gesture called analogical gesture, which they defined as gestures that 
represent the abstract relations within a concept or between multiple concepts. The gestures 
accompanying Otis’ explanation that fractions are “numbers put together in different categories” 
suggest that he conceived of the abstract target, fractions, as a Whole Object (Figure 2.4a) 
divided into smaller Parts (Figure 2.4b and c), which evokes the Arithmetic Is Object 
Construction conceptual metaphor (Lakoff & Núñez, 2000). Further, Otis started with his hands 
out wide (Figure 2.4a) and moved his hands inward, creating smaller partitions along the way 
(Figure 2.4b and c). As Cooperrider and Goldin-Meadow (2017) explained, when we produce 
analogical gestures, our “hands represent a relation that is not inherently spatial … as a spatial 
relation” (p. 723). To this end, we interpret Otis’ partitioning gestures as spatial representations 
of how he conceives of numbers, which are abstract constructs with no inherently spatial 
relations of their own. That Otis’ partitioning gestures became increasingly smaller as his hands 
came together depicts the spatial relations between numbers of differing magnitudes. It could 
also be argued that the lateral nature of Otis’ hand movements reflects the conceptual metaphor 
of Arithmetic is Motion Along a Path (Lakoff & Núñez, 2000). This suggests that Otis conceives 
of numbers, the abstract target domain, not only as physical objects that can be constructed and 
deconstructed, but also as physical locations along a horizontal plane.  
Implications for Mathematics Instruction 
Practically, Otis’ interview points to the potential value in using children’s whole-number 
knowledge as a starting point in fraction instruction (Pearn & Stephens, 2007). For example, in a 
tutoring session, the interviewer could have built on Otis’ explanation that “…a fraction of 4 
would be 1 or a fraction of 100 would be 25” by asking him to place 1 and 4 on a number line. A 
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fruitful next step could be to ask him to explore what numbers might go between 0 and 1 (see, 
e.g., Siegler & Lortie-Forgues, 2014), prior to introducing the idea of fractions. Moving from our 
discussion of Otis to include the entire sample, several children’s gestures revealed more about 
their fraction concepts than what they expressed in speech (Alibali, 1999; Singer, 2017). 
Consequently, we contend that paying attention to the gestures accompanying children’s 
explanations can provide teachers with a more detailed understanding of how children make 
sense of mathematical concepts. This can be particularly crucial when children may not have yet 
developed the language to fully articulate their ideas (see, e.g., Özçalişkan & Goldin-Meadow, 
2005; Roth, 2001). And by taking up what children communicate, both through their mouths and 
hands, teachers may be further equipped to establish a common ground in the classroom from 
which they can then bridge to new ideas (Nathan, Alibali, & Church, 2017).  
Developmental Issues in Children’s Expression of Fraction Understanding 
 We were intrigued that the majority of third-grade students relied on a single—and the 
same, Whole Object and Parts—mental model throughout their interview, whereas the majority 
of the fourth-grade students relied on multiple mental models. Although we only collected cross-
sectional data, this suggests that, earlier in development, it may be important to build a strong 
understanding of a single mental model. We are reminded of Siegler’s (e.g., Siegler & Jenkins, 
1989) and Piaget’s (e.g., 1947/1985) claim that multiple approaches to a particular problem can 
act as an impetus for cognitive growth. As Siegler (1989) put it, when learners accumulate 
multiple approaches, they are in the position to choose the approach that best fits the problem at 
hand. With this in mind, it seems sensible that the third-grade students were working with a 
single mental model and that fourth-grade students were working with multiple mental models. 
We are not sure why slightly less than half of the fifth-grade students were working with one 
mental model. We reason that they could have been consolidating their understanding, 
29 
 
regressing, or adapting to instructional pressures. Future work that looks at individual children’s 
pattern of development may be in a better position to address this issue. 
Limitations and Future Directions 
This study had a few key limitations. First, our participants were recruited through 
convenience sampling: We worked with students for whom their teachers provided us access and 
for whom their parents consented. We acknowledge that due to this sampling technique, our 
findings are not representative of the entire population (Teddlie & Yu, 2007). Another limitation 
may also stem from children’s desire to please the interviewer or from relying on one-on-one 
interviews. We note that the data presented here were not gathered as part of a business-as-usual, 
classroom observation, and thus, we recognize that our findings may not generalize to typical 
classroom settings.  
In light of these limitations, we recommend that future research examine how the 
interplay between children’s speech and gesture reveal their fraction concepts in more typical 
educational settings (e.g., Arzarello, Paola, Robutti, & Sabena, 2009; Chen & Herbst, 2013; 
Radford, 2009, 2018). We also believe that future work on fraction learning would benefit from 
investigating the dynamic interactions that occur between teachers and their students as a class, 
analyzing explanations, gestures, and other resources as they emerge through negotiated 
meaning-making in the classroom context (e.g., Arzarello et al., 2009; Chen & Herbst, 2013). 
Ultimately, we plan to use these findings in the design of instructional interventions that 
systematically study how semiotic resources (Lemke, 2003; Chen & Herbst, 2013), such as 
speech and gesture, contribute to children’s successful mathematics learning (e.g., Cook, 
Mitchell, & Goldin-Meadow, 2008; Congdon, Kwon, & Levine, 2018; Novack, Congdon, 
Hemani-Lopez, & Goldin-Meadow, 2014). Furthermore, we hope these findings can lay the 
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foundation for future work on fraction learning and conceptual change (e.g., Siegler, 2000; 
McNeil & Alibali, 2005). 
Conclusion 
We believe that findings from this study provide additional evidence to further the theory 
that gestures contain—and have the potential to communicate to others—facets of our mental 
models (English, 1997; Gentner & Stevens, 1983; Norman, 1983) and mathematical concepts 
(Alibali et al., 1999; McNeill, 1992; Núñez, 2008). These findings also highlight the value of 
attending to children’s gestures in educational settings. Additionally, by examining children’s 
speech and gesture, we hope this study provides curriculum developers and teachers insight into 
the variety of ways children think about fractions, and ultimately, help guide their decisions on 
how to approach instruction to support children’s developing understandings. 
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CHAPTER 3: THE INTERPLAY OF GESTURE, MANIPULATIVES, AND 
SPEECH IN CHILDREN’S FRACTION LEARNING 
Fostering children’s successful learning of flexible and practical fraction concepts has 
captured the interest of researchers in developmental psychology, cognitive science, and 
mathematics education for several decades. Within this body of scholarship, a great deal of 
attention has been paid to the investigation and design of concrete learning materials, or 
manipulatives (e.g., Fazio, Kennedy, & Siegler, 2016; Hamdan & Gunderson, 2017; Martin & 
Schwartz, 2005; Saxe, Diakow, & Gearhart, 2013). Less attention, however, has been paid to 
how children interpret and construct meaning with and across different manipulatives. Even less 
attention has been paid to how children use gesture as another mode, or semiotic resource 
(Lemke, 2003; Chen & Herbst, 2012), when developing fraction concepts. The goal of this study 
is to examine how object manipulation and gesture interact—or do not—in children’s 
developing understanding of fractions. 
Using a comparative case study approach and drawing from Radford’s (2009, 2018) 
multimodal theory of cognition, we examine how two children’s coordination of manipulatives, 
gestures, and speech reveals their fraction knowledge during a problem-solving activity. By 
examining instances when conceptual understanding has and has not been achieved, our 
overarching goal is to advance current research on how children think about fractions from a 
multimodal perspective. Further, in light of recent research pointing to the utility of the number-
line representation in fostering fraction proficiency and future success in higher-level 
mathematics (Siegler et al., 2010; Siegler, Thompson, & Schneider, 2011), another goal is to 
examine instances when these children draw correspondences across manipulatives and, in 
particular, relative to the number line. Eventually, we aim to use findings from this study to 
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develop educational activities that mobilize the semiotic resources available to children to 
improve their mathematics learning. 
Object Manipulation and Gesture: Resources for Teaching and Learning Mathematics 
Object manipulation. Dating back to work over the last century by Montessori (1912), 
Piaget (1964), and Bruner (1973), researchers in developmental psychology and education have 
explored the potential for children to learn new ideas through activities rooted in physical action, 
especially the manipulation of tangible objects (i.e., concrete manipulatives). From counting 
chips to base-10 blocks, concrete manipulatives are common fixtures in elementary school 
mathematics classrooms because they are designed to embody and visually represent abstract 
concepts. They function to provide children with a structural base that represents a target 
concept or idea being learned (see, e.g., Gentner, 1989). Meta-analyses comparing the efficacy of 
mathematics instruction using manipulatives to instruction without manipulatives (i.e., using 
only symbolic notation) have found that the tools can positively influence student engagement 
(Sowell, 1989) and learning across a variety of topics and grade levels (Carbonneau, Marley, & 
Selig, 2013; Sowell, 1989). In a project studying children’s fraction learning, for example, 
Martin and Schwartz (2005) reported that activities involving the manipulation of fraction circles 
and counters better supported children’s development of the operator concept than pictorial 
representations. Solving operator problems (e.g., “Show #& of 12.”) entails treating fractions as a 
“function that is applied to some number, object, or set” (Behr, Harel, Post, & Lesh, 1993, p. 19), 
and in the first of Martin and Schwartz’s (2005) series of studies, 66% of children correctly 
solved operator problems when working with manipulatives, whereas only 2% of children could 
do so when working with pictorial representations. 
Recent reviews also have pointed to a variety of critical factors that can deter student 
learning: These factors include variations in the (a) objects’ perceptual features (e.g., children 
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may be distracted by objects that are familiar to them or that include irrelevant details); (b) 
children’s prior knowledge about the concept being taught; and (c) teachers’ level of scaffolding, 
among others (Belenky & Schalk, 2014; Brown, McNeil & Glenberg, 2009). Moreover, part of 
the challenge children may encounter when learning with manipulatives could stem from the 
tool’s duality in form and function—manipulatives are both an object and a representation of an 
abstract mathematical concept (English, 1997; Gentner, 1989; Uttal, Scudder, & DeLoache, 
1997). It has been hypothesized that successful learning with manipulatives requires dual 
representation (Uttal et al., 1997), defined by DeLoache (2000) as the ability to identify and 
understand the relation between a symbolic artifact (e.g., a model, symbol, pictorial 
representation, etc.) and the idea it embodies. It follows that, in mathematics education, 
achieving dual representation requires children to connect their understanding of how a 
manipulative works in a particular context to a larger, abstract concept or principle (Uttal et al., 
1997). Additionally, and perhaps more importantly, if children are able to establish the relation 
between the manipulative and the mathematical idea, they still may not easily transfer their 
understanding to other contexts outside the learning situation (Kaminski, Sloutsky, & Heckler, 
2009). Thus, establishing clear correspondences between the manipulatives and their conceptual 
referents during instruction may be crucial to helping children build flexible and robust 
mathematics knowledge.  
Gesture. Similar to concrete manipulatives, gesture is another action-based tool through 
which children can learn new ideas and concepts. More than “mere hand waving,” the gestures 
that accompany our speech can reflect the substance of our spoken message (Goldin-Meadow, 
2011, p. 595). Furthermore, these meaningful hand movements also can express additional 
information beyond that which is captured by speech alone (Goldin-Meadow, 2011; Kelly, 
Church, & Alibali, 2017). To illustrate, when asked for directions, we may literally point the 
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disoriented traveler in the right way without verbally describing a route to take. Instead of saying 
to the traveler, “Turn around. Walk southeast 100 feet to the end of the block. Stop at the green 
building,” we may say, “Head over there,” while pointing. In addition to studying the 
communicative function of gestures, researchers have explored the merits of gesture in 
promoting children’s mathematics learning, both when the instructor produces gestures (e.g., 
Alibali et al., 2013; Perry, Berch, & Singleton, 1995; Singer & Goldin-Meadow, 2005) and when 
children do (e.g., Congdon, Kwon, & Levine, 2018; Cook, Mitchell, & Goldin-Meadow, 2008; 
Goldin-Meadow, Cook, & Mitchell, 2009; Novack, Congdon, Hemani-Lopez, & Goldin-
Meadow, 2014). 
To illustrate, Goldin-Meadow et al. (2009) experimentally tested the effects of instruction 
with and without gesture on children’s learning of mathematical equivalence problems such as 
“3 + 2 + 8 = __ + 8” (p. 267). This study’s experimental conditions varied by the type of gesture 
taught: (1) a correct gesture, whereby children used their index and middle fingers on their right 
hand to create a V that points to the first two addends in the equation (3 and 2 in the example 
above) and then used their index finger on the same hand to point to the blank directly on the 
right of the equal sign; (2) an incorrect gesture, whereby children used the V configuration to 
point to the second two addends in the equation (2 and 8 in the example above) and then used 
their index finger to point to the blank on the right of the equal sign; and (3) no gesture. Goldin-
Meadow et al. (2009) found that on the posttest, overall performance in the correct-gesture 
condition was higher than performance in the incorrect-gesture condition, which was higher than 
performance in the no-gesture condition. Furthermore, children in the correct-gesture condition 
were more likely than their counterparts to extrapolate the grouping strategy from the lesson and 
mention this strategy during the posttest. 
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Recent work by Congdon et al. (2018), however, suggests that the positive influence of 
gesture on children’s mathematics learning may be tempered by individual differences in their 
prior knowledge. In an experiment testing the effects of gesture- or manipulative-based activities 
on children’s learning of linear measurement, Congdon et al. (2018) found that children who 
demonstrated a sophisticated, though faulty, problem-solving strategy during the pretest 
benefitted from both gesture- and manipulative-based activities. However, children who 
demonstrated a less sophisticated strategy during the pretest only benefitted from the 
manipulative-based lesson, not the gesture-based one. 
Multiple theories on the role gesture plays in speaking, thinking, and learning currently 
guide a growing body of research in developmental psychology and science, technology, 
mathematics, and engineering (STEM) education (see the Gesture-for-Conceptualization 
Hypothesis from Kita, Alibali, & Chu, 2017; and the gesture as representational action 
framework from Novack & Goldin-Meadow, 2016). Common across these views is the idea that 
gesture is representational: As Novack and Goldin-Meadow (2016) contend, gestures are 
“actions that are produced not to have an effect on the external world, but to communicate and 
stand for ideas beyond themselves” (p. 382).  
Comparing object manipulation and gesture. As semiotic resources, object 
manipulation and gesture are related in that they require physical action. Correspondingly, 
researchers have theorized that both tools not only arise from similar action-based cognitive 
processes, they also serve similar cognitive functions when reasoning, problem solving, and 
encoding information (Kita et al., 2017; Novack & Goldin-Meadow, 2017). Important 
differences among the two tools, however, have positioned gesture as a potentially more viable 
educative resource. Because gestures are argued to be “schematic representations” (Kita et al., 
2017, p. 258) that are “abstracted away from action” (Novack & Goldin-Meadow, 2017, p. 382), 
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researchers have suggested that gestures possess a malleability that concrete, immutable 
manipulatives do not have. On this distinction, Kita et al. (2017) propose,  
Because of schematization, gestural representations (a) focus on essentials and neglect 
specific details, which facilitates generalization to new contexts (Goldin-Meadow, 2015), 
(b) can be processed efficiently, because representations are light-weight and are not 
bound to physical constraints, and (c) are flexible and modifiable, and therefore easy to 
adapt to the current goal (citation in original, p. 258). 
Object Manipulation and Gesture: Resources for Teaching and Learning Fractions 
Fraction concepts, symbolic notations, and procedures persistently vex children (Lee, 
Grigg, & Dion, 2007; National Mathematics Advisory Panel [NMAP], 2008). According to the 
NMAP (2008), fractions pose “pervasive” problems not only for elementary school students, but 
for middle-schoolers as well (p. 28). Many researchers agree that part of children’s difficulty 
with fractions stems from over-extending the principles of whole numbers and their operations to 
fractions. Referred to as the whole number bias, Ni and Zhou (2005) classify this cognitive error 
as “a robust tendency to use the single-unit counting scheme to interpret instructional data on 
fractions” (p. 28). The whole number bias is illustrated in this common mistake: Children 
conclude that #& is larger than #) because, for whole numbers, 4 is larger than 3 (Mack, 1990; Ni & 
Zhou, 2005). Returning to manipulatives, Mack (1990) found that children were less inclined to 
make errors based on the whole-number bias when working with these tools as compared to 
working on problems expressed solely in symbolic notation. The manipulatives not only drew 
out children’s informal knowledge and real-world experiences, they also revealed children’s 
intuitively correct fraction concepts (Mack, 1990). 
Currently, a multitude of manipulatives litter the educational landscape. This could be 
due, in part, to the complex and interrelated ways fractions can be thought of and expressed. 
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Fractions are proposed to have the following constructs (Behr, Lesh, Post, & Silver, 1983; 
Kieren, 1976): as (1) part of a whole (e.g., #& of the circle is shaded); (2) a measure (e.g., the strip 
is divided into 4 pieces, each of which is 1 in); (3) a quotient (e.g., #& is 1 ÷ 4); (4) a ratio (e.g., #& 
is the ratio of lemon juice to water in lemonade); and (5) as an operator (e.g., #& of the 24 children 
in this class’s favorite color is yellow). Accordingly, when evaluating the utility of 
manipulatives, educators, curriculum developers, and researchers must consider how children 
interpret and make meaning with and across different manipulatives because the manipulatives 
were created by experts already privy to the mathematical concepts the tools are intended to 
embody (Cobb, Yackel, & Wood, 1992). As Uttal et al. (1997) note, “…to adults, the relation 
between some symbols and their referents is so transparent that it is difficult to conceive of 
children failing to comprehend the relation” (p. 51). Because researchers and practitioners may 
not be able to foresee variations in the correspondences that children draw across the 
manipulative and the mathematics, a major purpose of this paper is to explore the ways children 
conceive of and reason with manipulatives designed for fraction instruction. 
Whereas manipulatives have occupied a substantial space in existing literature on 
fractions, gesture has been less frequently researched. As we have reviewed thus far, prior 
research on manipulatives has examined their efficacy in supporting children’s fraction learning 
(e.g., Fazio, Kennedy, & Siegler, 2016; Hamdan & Gunderson, 2017; Martin & Schwartz, 2005; 
Saxe et al., 2013). Conversely, extant research on gesture has instead primarily explored how 
these hand movements reveal fraction concepts. We turn to that literature now. In interviews 
with pre-service elementary school teachers, Edwards (2009) investigated how teachers’ 
explanations and corresponding gestures revealed fraction concepts. Through her observations, 
Edwards (2009) concluded that pre-service teachers predominantly talk and gesture about 
fractions as part of a whole, as a physical object, and as symbolic notation. In addition, recent 
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interview-based research conducted by Swart et al. (2014) explored how children’s 
understanding of fractions was conveyed through speech and gesture across a wide variety of 
problem-solving scenarios. These interviews resulted in a corpus of approximately 30 different 
gestures, which included and also expanded on the gestures Edwards (2009) identified. 
Given the array of manipulatives available for teachers to use and the different fraction 
constructs children are expected to learn, there is need to explore the ways children use 
manipulatives to build conceptual knowledge. Moreover, because recent theoretical accounts 
have highlighted the affordances of gesture as a tool to support learning, there also is need to 
study how children use gesture to build or exhibit conceptual knowledge during specific 
problem-solving activities, as prior work has done within the topic of mathematical equivalence 
(e.g., Perry, Church, & Goldin-Meadow, 1988). Rather than examining children’s use of 
manipulatives separately from their gesturing, however, we view children’s simultaneous use of 
these tools, or semiotic resources (Lemke, 2003; Chen & Herbst, 2012), as semiotic bundles 
(Arzarello, 2006; Arzarello, Paola, Robutti, & Sabena, 2009). Furthermore, we include children’s 
speech as another resource in the bundle. This trio of semiotic resources will be the focus of the 
analyses to follow. 
Manipulatives, Gestures, and Speech as a Semiotic Bundle in the Multimodal Theory of 
Cognition 
By viewing children’s deployment of various semiotic resources as a bundle, we aim to 
enrich our understanding of how these resources interact during children’s fraction learning. 
Lemke (2003) treated individual types of semiotic resources—such as object manipulation, 
gesture, and speech—as “component resources of a single semiotic system” (p. 21), and Chen 
and Herbst (2012) focused on the specific affordances and constraints that each component 
resource brings to a learning activity. When a particular resource constrains a person’s attempts 
39 
 
to develop an understanding of a mathematical concept, other types of resources can compensate 
(Chen & Herbst, 2012) for the resulting semiotic gap. Taken as a whole, the semiotic system 
consists of all the resources available to a person at a moment in time.  
Gesture’s role in the semiotic system is of particular interest, as it is a bodily resource 
(Alibali & Nathan, 2012; Hostetter & Alibali, 2008) that, because embodied, is portable to each 
event in which a learner participates. Unlike concrete manipulatives—which are present only at 
times and, when present, take specific and constraining forms—gesture is a dependable resource 
that the learner always has, in addition to being malleable in the ways Kita et al. (2017) describe 
(see above). Radford’s (2009, 2018) multimodal theory of cognition emphasizes the social 
semiotic nature of gesture: In his conception, gestures are not merely signs of mental processes, 
but are “genuine constituents” of thinking (p. 113). Here, cognition is not purely mental, but 
occurs within social practices during which children learn. In this way, it is a dependable, 
malleable, and social resource that can be deployed alongside other types of resources (i.e. 
concrete manipulatives and speech) as a means of developing understanding.  
Radford’s (2009, 2018) theory is an important application of Lemke’s (2003) social 
semiotic perspective on mathematics learning, in which Lemke insists that understanding the 
meaning of an activity requires an integrative analysis of the salient component resources in a 
semiotic system. A fine-grained analysis that attends to multiple component resources yields a 
closer understanding of the activity’s meaning. We will focus primarily on three of the semiotic 
resources involved in children’s fraction learning. This trio of resources—concrete 
manipulatives, gesture, and speech—are salient components of the system whereby children 
develop an understanding of fractions, and when taken together, they reveal more than could be 
gained by analyzing each separately. 
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The Current Study  
It is commonly agreed that fraction instruction should build on children’s everyday 
experiences with sharing (Mack, 1990; Siegler et al., 2010; Van de Walle, 2013). Besides their 
everyday, informal experiences, in the United States, first- and second-grade students begin 
learning fractions in school through the area model, in which a whole area is partitioned into 
equal parts (Common Core State Standards Initiative, 2015). Then, in third grade, children are 
introduced to the symbolic notation for fractions, defined by Common Core State Standards 
Initiative (2015) as “#, … the quantity formed by 1 part when a whole is partitioned into b equal 
parts;” and “+, … the quantity formed by a parts of size #,.” Third-grade students also are 
introduced to the concept of fraction-magnitude estimation on the number line (Common Core 
State Standards Initiative, 2015). 
Within the topic of fractions, research has shown that manipulatives can help children learn 
fraction-magnitude estimation and fraction addition (e.g., Fazio et al., 2016; Hamdan & 
Gunderson, 2017; Martin & Schwartz, 2005). This important scholarship also points to the value 
of using the number-line representation (Fazio et al., 2016; Hamdan & Gunderson, 2017) as well 
as multiple representations that blend the part-whole, or area model, and number line (Saxe et al., 
2013; Zhang, Clements, & Ellerton, 2015) in fraction instruction. Given the evidence supporting 
the area model and number line as crucial representations for learning fractions, the current study 
seeks to understand how children, through the coordination of their speech, gesture, and object 
manipulation, interpret and make meaning with manipulatives designed to represent these 
models. The study also seeks to examine whether and how children draw correspondences across 
these two representations through their speech, gesture, and object manipulation. By observing 
the ways children act and speak in an informal interview setting, the goal of these analyses is to 
generate hypotheses about how to enlist various semiotic resources to facilitate children’s 
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fraction learning. Drawing on Radford’s (2009) theory of cognition and analytical method, we 
will analyze cases from two children’s interviews to address the following research questions: 
• What does the coordination of object manipulation, gestures, and speech reveal about 
children’s developing conceptions of fractions? 
• How do children draw correspondences across different manipulatives?  
Method 
For the current study, we analyzed video recordings from 26 interviews with second- 
through fifth-graders to explore children’s developing fraction concepts through the interplay of 
speech, gesture, and four specific manipulatives that are used in fraction instruction. We 
conducted a comparative case study (Seawright & Gerring, 2008) for several reasons. First, we 
contend that by analyzing two diverse cases, this exploratory study will provide a useful starting 
point from which to understand how children’s fraction concepts arise from the coordination of 
multiple semiotic resources. Second, if we were to look across all 26 interviews, we risked losing 
the fine-grained and systematic analyses that we believe is necessary to achieve our ultimate goal 
of designing instructional lessons that leverage the affordances of manipulatives and gestures to 
improve children’s learning. Utilizing purposive sampling, we selected two children as the main 
focus of our analyses, based on their differing levels of fraction knowledge. A detailed rationale 
of how we used the diverse method in our case selection (Seawright & Gerring, 2008) is 
presented in the Data Sources and Analyses section.  
Sample 
We interviewed 26 second- through fifth-grade students from four public elementary 
schools near a large Midwestern university for this study. Of these, 7 children were enrolled in a 
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second-grade, gifted class7; 2 in third grade; 6 in third-grade gifted; 2 in fourth grade; 8 in fourth-
grade gifted; and 1 in fifth grade. A majority of children, including those from gifted classes (23 
of 26 children), were enrolled in the same school, and nearly all of the children (24 of 26) had 
been formally introduced to the fraction notation (Common Core State Standards Initiative, 
2015). Children ranged in age from 7.5 to 10.3 years (?̅? = 8.8, 𝑠 = .8 years). Of these children, 
69.2% were female; 34.6% were White; 53.8% were Asian; 7.6% were Black; and 3.8% were 
Multiracial. For 30.7% of children, English was not the primary language spoken at home. In 
addition, at the school where a majority of children in this sample attended (23 of 26), 60.1% of 
its student population is eligible for free and reduced-price lunch. 
Procedures and Measures 
One of the authors conducted one-on-one sessions with children, which lasted 30 to 50 
min and were video-recorded. These sessions consisted of two segments. In the first segment, 
children were interviewed. During the interviews, children were asked to solve fraction problems 
of varying levels of difficulty and explain their answers. In the second segment, children were 
asked to complete a diagnostic worksheet independently.  
Interview protocol. Interview questions assessed children’s conceptual understanding of 
fractions through activities involving fraction identification and magnitude estimation (see 
Appendix B). Children’s conceptions were explored in a step-wise manner of increasing 
difficulty: First, children were asked to explain the meaning of three fractions (#& , !) , and "$), one 
at a time. Then, they were asked to select a manipulative to show what that fraction means and 
explain their reasoning. After their first selection, children were encouraged to show what that 
fraction means using another set of objects. The present study’s analyses will primarily explore 
                                                        
7Children from gifted classes were taught the next grade’s mathematics curriculum (i.e., the second-grade 
gifted students were learning third-grade mathematics). 
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how two children identified #& by selecting from among four different manipulatives—counters, 
fraction circles, fraction bars, and the number line (Figure 3.1).  
Figure 3.1. The manipulatives used during the interviews were counters, fraction circle pieces, 
fraction bar pieces, and blank number lines (from left to right). 
 
                          
 
Diagnostic worksheet. After the interview, children independently completed a 14-item 
diagnostic worksheet (see Appendix D) with four magnitude-estimation problems (e.g., Fazio et 
al., 2016; Siegler et al., 2011) and 10 publicly released National Assessment of Educational 
Progress (NAEP) items (U.S. Department of Education, 1990-2009). The NAEP items were part 
of a test developed by Rodrigues and colleagues (Carrique et al., 2016; Rodrigues, 2017) that 
predicts difficulty in middle-school mathematics. 
Data Sources and Analyses  
Interviews. Transcriptions from the interviews and video recordings served as the 
primary data source in our analysis. Drawing from Radford’s (2009) method of analyzing video-
recorded data, we accounted for children’s efforts to coordinate their “semiotic means of 
objectification” (p. 119) as they demonstrated their understanding of fractions. Knowledge 
objectification, for Radford, is the social process during which something begins to make sense; 
the semiotic means are the child’s speech and physical movements (e.g., eye gaze, writing, and, 
of specific interest, gestures), as well as the tools (i.e. manipulatives) and mathematical signs (i.e. 
notation) involved in the activity. At moments when a learner’s speech and actions coordinate to 
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achieve a new level of knowledge objectification, Radford (2009) posits that we see semiotic 
nodes. A semiotic node can be observed, according to Radford, when “actions with cultural 
artifacts (signs, objects, etc.)” …  “become shorter and gestures and language become more 
relevant” (p. 111 and 121, respectively). According to this view, learning, or knowledge 
objectification, is an ongoing—and, at times, a recursive—process that involves deepening levels 
of understanding. Thus, through the process of learning, we would expect to observe a series of 
semiotic nodes within one individual as their understanding of a concept becomes deeper.  
For this paper, we regard the portion of each interview during which the child attempted 
to solve a specific problem as an episode (Radford, 2009). Our analysis will be comprised of two 
episodes—the first with Christina, and the second with Jenny. Each episode contains transcripts 
of the interviewer and children’s speech as well as descriptions of their actions, which include 
eye gaze, writing, and, of particular interest here, gestures as well as object manipulation. Within 
each episode, alternating turns between the interviewer and the child are enumerated. Also, to 
introduce and frame each case study, we briefly review pertinent portions of the interview that 
preceded the start of each episode. Because Radford’s method traces the process of 
objectification as children work toward and past these nodes, and we took up a similar attention 
to children’s sense-making during the interviews by highlighting, in our analyses, variations in 
the coordination among speech, gesture, and object manipulation exhibited by the children we 
interviewed. In the following sections, we will provide a rationale for selecting these two cases. 
Diagnostic worksheet. We used children’s performance on the worksheet as an initial 
indicator of their general fraction knowledge. Performance on the 4 fraction magnitude-
estimation items (see Appendix D) were assessed using percent absolute error (PAE), which 
compares children’s estimated placement of fractions to their actual locations on the number line 
(Fazio et al., 2016). A lower PAE indicates higher accuracy. For the fraction magnitude-
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estimation items, the range in mean scores was .01 to .59, with ?̅? = .15, 𝑠 = .18, and median = 
.06. The NAEP items were scored for total number of items correct. The range was 1 to 10, with ?̅? = 6.92, 𝑠 = 2.925, and median = 8. Performance on the fraction magnitude-estimation items 
and the NAEP items was negatively correlated (𝜏 = −.67, 𝑝 < .01)8, meaning that children who 
performed better on the fraction magnitude-estimation tasks, as measured by a lower PAE, also 
tended to score better on the NAEP items. Conversely, children who performed worse on the 
fraction magnitude-estimation items, as measured by a higher PAE, tended to score worse on the 
NAEP items (Figure 3.2).  
Figure 3.2. A nonparametric correlation (τ = −.67, p < .01) was found between performance 
on the magnitude-estimation items, as measured by percent absolute error, and the NAEP items 
from the diagnostic worksheet. 
 
 
 
                                                        
8The distributions for the magnitude-estimation tasks (Shapiro-Wilk statistic = 0.77, p < 0.01) and NAEP 
items (Shapiro-Wilk statistic = 0.84, p < 0.01) were not normal. Due to the non-normal distributions and 
the small sample size, the Kendall correlation measure (Kendall, 1938) was used in this analysis (see 
Croux & Dehon, 2010). 
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Rationale for case selection. Our case selection was guided by the diverse method 
(Seawright & Gerring, 2008) and derived from children’s performance on the diagnostic 
worksheet. Because a significant nonparametric correlation was found between magnitude-
estimation and NAEP items, we looked for clusters that grouped children based on their overall 
diagnostic-worksheet performance. In our sample, most children tended to fall into one of two 
clusters: high (69.2%) or low (26.9%) scorers9. Thus, for our comparative case study, one child 
was selected from each group. Our high scorer, Christina, was selected because of the 
sophistication with which she used the semiotic resources, always to her advantage. Our low 
scorer, Jenny, was selected because of the creativity with which she attempted to use the 
semiotic resources, at times not to her advantage. Both cases were selected due to the richness of 
their data10 and their utility in helping us answer our research questions. From the beginning of 
the interview, Jenny struggled, especially when attempting to place #& on the number line. Despite 
this challenge, Jenny demonstrated persistence and patience, and thus, for most of our analyses, 
we detail how both children worked through the same problem. It should be noted, however, that 
while our results highlight findings from these two cases, at times, we turn to the larger sample 
to contextualize the semiotic resources brought to bear on the problem, and to see the ways that 
similar resources were marshaled to similar or to different effects. 
Results 
Our case studies focus on how two children—Christina, a 10-year-old enrolled in a 
fourth-grade gifted class, and Jenny, a 7-year-old enrolled in a second-grade gifted class—
                                                        
9The one exception was one student who scored well on the NAEP items, but not on fraction magnitude-
estimation items. 
10It is important to note that the cases we did not select were also rich in their data. However, when 
compared to Christina and Jenny, these cases did not provide such highly contrasting and clear variations 
on the dimensions of speech, gesture, and object manipulation for this particular problem.  
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problem-solved using manipulatives to show what #& means. We begin our analyses by returning 
to our first research question, which asked how the coordination of object manipulation, gesture, 
and speech revealed children’s developing fraction concepts. To answer this question, we use 
Radford’s (2009) analytical method to compare the extent to which Christina (see Episode 1) and 
Jenny (see Episode 2) coordinated object manipulation, gesture, and speech as each attempted to 
estimate the placement of #&	on a 0-to-1 number line. Then, we build on our analyses of these two 
episodes to consider the ways these two children drew correspondences across different 
manipulatives.  
Using the diagnostic test as an initial indicator of general fraction knowledge, Christina 
was among the highest performers with a nearly perfect mean PAE (0.04) on the magnitude-
estimation tasks and a 10 out of 10 correct on the NAEP items. Jenny, on the other hand, was 
among the lowest performers in our sample with a high mean PAE (0.41) on the magnitude-
estimation tasks and 4 out of 10 correct on the NAEP items. 
Using Radford’s Analytic Method to Understand Children’s Developing Fraction Concepts 
Christina. During the interview, Christina was asked to explain what #& means, choosing 
from among four sets of objects that the interviewer placed before her: counters, fraction circle 
pieces, fraction bar pieces, and the number line. Without hesitation, Christina chose the whole 
red circle from the pile of fraction circle pieces, and used additional pieces to demonstrate how 
two pink one-half pieces make a whole, and how two yellow one-fourth pieces make a half. She 
worked quickly and confidently with the manipulatives, her actions precisely coordinated with 
her speech. When asked why she chose the circles, she explained, “I am more familiar with this 
object…because like the first time I’ve learned fractions I started off using these objects.” The 
interviewer then prompted Christina to show #& using the fraction bar pieces, and she did so with 
48 
 
equal quickness and confidence. Just as she did with the red circle, Christina held up the red bar 
and explained that it represented a whole, then proceeded to demonstrate how the yellow one-
fourth pieces related to that whole. The transition from fraction circles to fraction bars caused her 
no apparent difficulty.  
Episode 1. Next, the interviewer shifted Christina’s attention to the number line, and this 
portion of her interview is transcribed below. 
1. Interviewer: (0:00) Can you show me where one-fourth is on the number line? 
2. Christina: (0:04) (looks at number line) (0:07) (using left hand, gestures first with 
thumb at zero and index finger at one-half, then again with thumb at one-half and index 
finger at one (Figure 3.3a). She makes this gesture again, but first with her thumb at 
three-fourths, keeping her index finger at one, and again with thumb at one-half and 
index finger at three-fourths. Keeping her hand in this same configuration, she slides this 
gesture left toward zero, pausing briefly with thumb at one-fourth and index finger at 
one-half, and stops with her thumb at zero and index finger at one-fourth. Looks at index 
finger) (0:15) I think it’s… (writes hatch mark at one-fourth with pen) …I estimate it 
here. 
3. Interviewer: (0:18) Ok, and so tell me, I saw (mimics, in the air, the gesture Christina 
had produced previously with her thumb and index fingers representing the partition 
between 0 and one-half) that you were kind of… what were you doing with your hands 
there? 
4. Christina: (0:22) So, I was figuring out what one-half was (produces another gesture, 
although this time using her left-hand index and middle fingers, that partitions the 
number line into a smaller segment (Figure 3.3b). Keeping her fingers in this same 
configuration, she moves her hand across the number line from left to right, stopping at a 
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few intervals between 0 and 1) and then I broke down one-half (raises original hand 
configuration in air—with thumb and index—and brings it down) into one-fourth (raises 
original hand configuration in air and brings it down again (Figure 3.3c). 
Figure 3.3. Christina gestures on the number line to estimate the width of partitions using two 
fingers to estimate half (a, on left) before correctly placing #& on a 0-to-1 number line. She also 
produces another version of this gesture during her explanation on the number line (b, in middle) 
and in the air (c, on right). 
 
           
 
 In this episode, Christina began by producing an 8-sec sequence of six gestures (0:07). 
Her left thumb and index finger created a configuration that she used to partition the number line 
first into halves, then into fourths. In an attempt to estimate the placement of #& on a 0-to-1 
number line, Christina used this gesture as a methodical and precise tool to help her partition the 
whole number line into equal segments. We thus interpret this gesture as representing the 
concept of partitioning a whole object into equal parts. Throughout the rest of the paper, we will 
refer to this gesture as the partition gesture (Figure 3.3a). We further contend that when used 
sequentially, the partition gesture also represents the mathematical idea of iteration. To illustrate, 
Christina made the partition gesture to estimate the length of one-fourth, and then repeated—or 
iterated—the gesture three more times across the number line to reach the endpoint (0:07). 
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When responding to the interviewer’s request to explain her problem-solving strategy, 
Christina produced the partition gesture several more times in Episode 1. First, Christina 
produced a less precise version of the partition gesture—substituting her index and middle finger 
for her thumb and index finger—on the number line (Figure 3.3b), which co-occurred with her 
saying that she “was figuring out what one-half was” (0:22). We highlight Christina’s iteration 
on the original partition gesture to serve an example of how variations on gesture can stem from 
one central theme. Though her finger configurations were different, we contend that both 
represent the same mathematical idea of partitioning. Thorough this example, we can see how 
Christina used gesture a meaningful and effective tool to partition the whole number line into 
equal segments. 
Christina’s adept maneuvering between the fraction circles, bars, and number line 
supports our interpretation that she had mastery of #& and suggests that she had reached 
knowledge objectification (Radford, 2009, 2018). Episode 1, wherein Christina solved the 
problem in 8 sec, displayed not so much a process of objectification, or in other words, “a course 
of which something started to make sense,” but instead serves as an example of objectification 
where the child’s actions, speech, and gestures are coordinated (Radford, 2009, p. 119). In 
Episode 2, we will witness Jenny’s attempt to solve the same problem and provide an 
explanation. Though her speech, gesture, and other actions are far less coordinated than 
Christina’s, Jenny’s performance yields valuable insights into the process of knowledge 
objectification; in other words, into children’s fraction learning.  
Jenny. Jenny also was asked to choose from among the four types of manipulatives when 
showing the interviewer what #& was. As Christina did, Jenny chose the fraction circles first. She 
quickly selected the whole red circle from the pile, then took the four yellow one-fourth pieces 
from the pile, initially placing two on the red whole and then removing one so that a single one-
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fourth piece remained. She appeared to struggle when beginning to explain her actions before 
stating, “So, this would be like one-fourth because if all of these is like red (pointing to the three-
fourths of the red circle that were not covered by a yellow piece) and this one is a fourth 
(pointing to the yellow one-fourth piece), and it’s covering some of the red.” The interviewer 
then asked why she chose the circle pieces, to which she replied that it was “easier to do.” When 
prompted to show #& with the fraction bars, Jenny said, “I’ll try.” She tried partitioning some of 
the smaller pieces into parts before selecting the red whole bar. Then, she placed four of the 
turquoise one-sixth pieces on the red whole, and made a comment indicating that she had erred 
because she said, “There’s an extra space here.” She then tried the green one-fifth pieces and, 
when those did not work, she abandoned the red whole and again attempted to partition, or 
divide, the number line with some smaller pieces. Eventually, she returned to the red whole and 
placed the two pink one-half pieces over it. After 2.5 min of attempts, the interviewer offered the 
yellow one-fourth pieces and assisted Jenny in completing the task. Her final explanation for #& 
using the fraction bars was hesitant and somewhat confusing: “It would be, wait, one-
fourth…We have four of these and one of them.”  
Episode 2. The interviewer then directed Jenny’s attention to the number line, and this 
portion of her interview is transcribed below. 
1. Interviewer: (0:00) Do you know how to use this number line here (points to number 
line)? 
2. Jenny: (0:03) I can use a number line for math. 
3. Interviewer: (0:07) Yeah, so like, if this is zero (writes 0 under left endpoint on number 
line), and this is one (writes 1 under right endpoint), where would you put one-fourth? 
4. Jenny: (0:13) (takes pen) So… (mumbles, looks at other materials on table, then back 
at number line) one-fourth (moves pen back and forth along number line, looks back at 
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other materials and then to number line again, moves pen from left to right along number 
line, pausing three times to make small slash motions on top of, but not writing on, the 
number line) one, two, three. So, is it zero to one? (moves pen from left to right along 
number line) or one to zero (moves pen from right to left on number line)? 
5. Interviewer (0:26) This side is zero (points to zero) and  
6. Jenny: (0:29) (nods) Yeah. 
7. Interviewer (0:29) that is one (points to one). 
8. Jenny: (0:30) So, one-fourth (briefly holds pen over number line, approximately where 
one-fourth would be, and makes small slash motion over, but does not actually write on, 
the line) (0:36) splitting it equally (reaches for a green, one-fifth fraction bar piece, then 
takes a yellow, one-fourth piece, and places it on number line, flush with zero). (0:40) 
Here (looks at interviewer, then points at one on number line)? 
9. Interviewer: (0:40) Mmhmm? 
10. Jenny: (0:41) (grasps yellow, one-fourth fraction bar piece, which has been resting 
atop the red, whole fraction bar, realigns it with zero, reaches for another yellow fraction 
bar piece and places it overlapping the first yellow piece on number line) That’s not a 
full one (places a third yellow piece overlapping the second). 
11. Interviewer (0:48) (as Jenny removes the overlapping fraction bar pieces) Oh, yeah, 
‘cause the, the size (points at red fraction bar) is just a little different 
12. Jenny: (0:53) Hmmm… 
13. Interviewer: (0:53) with the red bar. 
14. Jenny: (0:54) like how many… 
15. Interviewer: (0:55) You can estimate, too. 
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16. Jenny: (0:56) (grabs a dark blue, one-eighth fraction bar piece, places it flush with 
zero on number line, points to piece) Like do I have to put four on here like where the 
fourth is (takes away dark blue fraction bar piece, grabs turquoise, one-sixth fraction bar 
piece, places it flush with zero on number line, reaches for another piece and places it 
next to first turquoise piece, grabs another turquoise piece)? 
17. Interviewer: (1:06) Oh yeah, those look close. 
18. Jenny: (1:07) (places third turquoise piece next to second turquoise piece, realigns 
and rechecks the series of three turquoise pieces from left to right, starting at zero, so 
that they are flush with zero on number line, grabs fourth turquoise piece and places it 
next to the third, realigns the series of four turquoise pieces from right to left) 
19. Interviewer: (1:17) Those look closer. 
20. Jenny: (1:17) (realigns the first turquoise piece so that it is flush with zero, adjusts 
subsequent pieces from left to right, sees that they do not reach one) Oh, it’s too… 
21. Interviewer (1:25) I don’t think… 
22. Jenny (1:26) (reaches for green, one-fifth fraction bar piece, places it on top of fourth 
turquoise piece) 
23. Interviewer (1:27) …there’s not an exact one for this number line (points to zero), but 
I think you’re getting the right idea. Um, you’re lining it up,  
24. Jenny (1:32) (picks up green, one-fifth piece, uses it to shove over the four turquoise 
pieces and places it next to them to make a sequence of five pieces that ends at one on 
number line) 
25. Interviewer (1:34) and so... 
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26. Jenny (1:37) (removes turquoise pieces from number line, one by one, leaving the 
single green, one-fifth piece flush with one on number line) I want to see how they are 
with the green. 
27. Interviewer (1:40) OK, let’s try it with the green. 
28. Jenny (1:41) (working from right to left: places a second green piece to the left of the 
first, confirms that the first remains flush with one, adds a third and fourth piece to the 
left of the others; sees that the fourth piece does not fit the number line) It’s too big 
(removes the fourth piece). 
29. Interviewer (1:53) A little too big. 
30. Jenny (1:54) (removes the other three green pieces from number line) 
31. Interviewer (1:54) The greens are a little too big, and the turquoise are a little too 
small. If you had to take a guess, where would you put one-fourth on the number line? 
32. Jenny (2:02) (picks up pink, one-half fraction bar, briefly holds it over number line, 
then puts it back in the pile) Um.. (places pen at zero, moves it across number line, 
pausing to make four small slash motions over, but does not write on, the number line) 
one, two, three… Somewhere here (points pen near one on number line). 
33. Interviewer: (2:09) OK, great. And so, let’s see. I saw what you did. You were 
counting…over…to…four, four marks?  
34. Jenny (2:18) (nods) 
35. Interviewer (2:19) Place… place where you would put it on the line. 
36. Jenny (2:24) (places pen next to one on number line) Ummm, here? 
37. Interviewer (2:25) Wherever you would put one-fourth. 
38. Jenny (2:28) Probably like… here (writes hatch mark on number line with pen 
approximately at five-sixths). 
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Overall, Jenny struggled to estimate the location of #& on the number line, ultimately 
placing it at the far end of the number line, near 1. Initially, when asked to show #& on the number 
line, Jenny moved her pen back and forth across the line, even using it to produce hatch mark-
writing motions on top of, but never actually writing hatch-marks on, the line at three intervals 
(0:19). This suggests to us that Jenny was prepared to estimate the fraction’s location. As she 
was doing so, she looked at the other available tools—including the fraction bars—and then 
began to place fraction-bar pieces on the number line. Prior to the number-line task, Jenny 
struggled to identify that the yellow pieces were one-fourth the length of the red piece, and she 
spent approximately 3 min attempting to find the piece that was one-fourth the length of the red 
whole. With the number line, she tried the same strategy (which, it should be mentioned, was 
effective when she worked with the fraction circles). However, the number line’s length was 
incongruous with the lengths of any of the fraction bars, and so Jenny’s attempts were frustrated 
(Figure 3.4a). She ultimately spent nearly 2 min 30 sec on this problem. She even attempted an 
overlapping strategy (Figure 3.4b), once it appeared that she sensed the lack of congruity 
between the fraction bar pieces and the number line (0:41).  
Jenny’s resourcefulness in using the fraction bars to solve the number-line problem 
indicates to us that she was actually quite close to reaching a semiotic node (Radford, 2009) 
where a new level of understanding would be achieved. Although she did not use the gestural 
strategies that Christina used when demonstrating her understanding of #&, she diligently surveyed 
the available semiotic means and used an array of them in the process of attempting a solution. 
She demonstrated that she understood that the length of segments is an important feature of the 
number line, as it is with fraction bar pieces. But, she was unable to overcome the incongruity 
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between the fixed lengths of the two types of semiotic means. Jenny ultimately placed the hatch 
mark for #& four counts from zero, roughly where $* is located (Figure 3.4c).  
Figure 3.4. Jenny struggles to place #& on a 0-to-1 number line, relying on fraction bar pieces (a, 
on left) and, at one point, trying to overlap them (b, in middle). She ultimately writes the hatch 
mark for #& four counts from zero, roughly where $* is located (c, on right). 
       
 
Drawing Correspondences Across Manipulatives: A Case for Similar Conceptual 
Underpinning Across Episodes 1 and 2 
In light of recent research that supports the use of multiple representations in fraction 
instruction (e.g., Hamdan & Gunderson, 2017; Saxe et al., 2013; Zhang et al., 2015), we aimed 
to identify whether the two children in our case study drew correspondences across the different 
manipulatives available to them during the interviews, in an attempt to address our second 
research question. From our analyses, we observed that, in the fraction bars, Jenny saw a 
resource she could use to partition the number line into fourths. But because the lengths of the 
fraction bars and the number line did not match, Jenny was not able to transfer her understanding 
of the part-whole construct to fraction-magnitude estimation with these manipulatives. Jenny’s 
strategy, although unsuccessful, suggests that she saw a correspondence between the fraction 
bars and number line.  
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Above, we claimed that Christina’s coordination of gesture and speech indicated 
knowledge objectification and that Jenny’s effort to use the fraction bars on the number line 
indicated that she was close to, but had not yet reached, knowledge objectification. Here, we 
propose that the two children’s approaches were, in fact, conceptually similar. When asked to 
estimate the placement of #& on the number line, both Christina and Jenny attempted to partition 
the whole number line into four equal parts. The key difference between the two children’s 
attempts was the semiotic resources each child relied upon: Christina employed a partitioning 
gesture, whereas Jenny needed the fraction bar pieces. We contend that Jenny’s lack of success 
does not negate that she saw a correspondence, just as Christina had demonstrated (but with 
success).  
Expanding our analysis to include all 26 interviews, there were several instances when 
children produced the partition gesture—or variations on the theme—while working with the 
fraction bars and the number line. Four children produced the partition gesture on the fraction 
bars, and six children produced the same gesture on the number line (see Figure 3.5). Thus, 
Christina was not alone in using the partition gesture. Further, that children produced the same 
gesture when working with the fraction bars and the number line further highlights a conceptual 
correspondence between the two resources that involves partitioning.  
Figure 3.5. Children exhibit the partition gesture across the number line and fraction bars. 
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Discussion 
Within the large body of scholarship on children’s fraction learning, much attention has 
been devoted to the investigation and design of concrete manipulatives for instruction (Fazio et 
al., 2016; Hamdan & Gunderson, 2017; Martin & Schwartz, 2005; Saxe et al., 2013; Zhang et al., 
2015). Understanding how children interpret and construct meaning with and across different 
manipulatives, however, has received less attention from researchers. By paying attention to the 
semiotic resources (Lemke, 2003; Chen & Herbst, 2012) of object manipulation, gesture, and 
speech as children solve problems and explain their reasoning, the goals of this study were two-
fold: (1) to examine how object manipulation and gesture interact—or do not—in children’s 
developing understanding of fractions; and (2) to explore the ways children draw 
correspondences across manipulatives. Through our comparison of two children for whom 
knowledge objectification has and has not been achieved, we also aimed to generate hypotheses 
about how to enlist various semiotic resources to facilitate children’s fraction learning. 
Analyzing the Interplay of Object Manipulation, Gesture, and Speech: Reflections on 
Episodes 1 and 2 
To address our first research question, we examined whether and how two children 
coordinated various semiotic means when attempting to demonstrate their understanding of one 
fraction, #&. In viewing mathematics learning through the lens of multimodal cognition (Radford, 
2009), we consider the manipulatives, speech, gestures, and other actions Christina and Jenny 
employed as semiotic resources (Chen & Herbst, 2013). Some of the manipulatives Christina and 
Jenny used in these episodes have been developed as a means of facilitating mathematics 
learning, and their efficacy has been well-documented (Fazio et al., 2016; Hamdan & 
Gunderson, 2017; Saxe et al., 2013; Zhang et al., 2015). However, the fixed size of the 
manipulatives—that is, their very concreteness—placed a constraint on Jenny’s problem-solving 
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that she attempted to overcome, first by trying out fraction bar pieces of various sizes on the 
number line and then by overlapping pieces so that they might fit. Rather than viewing these 
problem-solving attempts as failed strategies, we regard Jenny’s actions as the resourceful use of 
semiotic means. She realized the physical constraints of a concrete manipulative and devised a 
method of approximating fractions on the number line. What is conspicuous to us here, 
especially after analyzing Christina’s performance of the same task, is the relative lack of gesture 
in Jenny’s actions. Although Jenny did precede her placement of #& by making hatch mark-writing 
motions with her pen, she had not yet developed a gesture—such as the partition gesture 
Christina and other children in the study used—to help her navigate the number line effectively.  
Radford (2009) noted that when the students in his study approached a semiotic node, the 
“centre of gravity” in their coordination of semiotic means shifted (p. 121). Earlier in the process 
of objectification, the students in Radford’s study relied more heavily on gestures and other 
actions (e.g., interacting with manipulatives, writing on diagrams, etc.) than on speech, and those 
gestures and actions were less relevant and took longer to enact. As their understanding 
progressed, they shifted toward speech, and their gestures and other actions became more 
relevant and took less time to enact. We see evidence of this in our analysis of the two episodes 
above, as Christina spent a mere 8 sec solving the number-line problem, during which she 
enacted a precise sequence of six partition gestures prior to placing a hatch mark for #& on the line 
with her pen. Her subsequent explanation was concise, and she coordinated speech and gesture in 
a complex, illuminating fashion. The partition gesture, which she had used as a means of solving 
the problem, easily became a means of emphasis in her explanation of her answer (Episode 1, 
0:22). Jenny, by contrast, spent 1 min 38 sec on the problem, during which time her actions were 
relevant, but she was still unable to solve the problem. We claim that her actions were relevant 
because her appropriation of the fraction bars as a means of navigating the number line indicates 
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her awareness that length is a common dimensional feature of both types of semiotic resources. 
Her speech was also relevant to the task. While trying out fraction bars of various sizes on the 
number line, she said, “I want to see how they are with the green” (Episode 2, 1:37), and then 
she realized, “It’s too big” (Episode 2, 1:41). Although, her actions and speech were coordinated, 
but they did not lead to an accurate placement of #& on the number line. In the end, it took extra 
encouragement from the interviewer to get Jenny to place any hatch mark on the number line. 
She was uncertain of her answer, as indicated by her reluctance to write the hatch mark and by 
the rising, question-like tone of “Umm, here?” (Episode 2, 2:24) and the added qualification of 
“Probably like...here” (Episode 2, 2:28). According to Radford’s (2009, 2018) insights about 
progress toward semiotic nodes, we conclude that Jenny is closer to understanding than is 
signaled by how far her answer was from the correct solution. 
Just as the differences between Christina’s mean PAE (0.03) and Jenny’s (0.31) might 
suggest that Jenny is far from understanding how to place a fraction on the number line, so too 
might the difference in time spent solving the problem and in the certainty of their 
explanations11. However, we contend that close observation of Jenny’s activity potentially 
indicates otherwise. A comparison between Jenny’s performance and Christina’s emphasizes that 
the incongruity between the two semiotic resources—the number line and fraction bars—Jenny 
selected caused her a problem. The constraints caused by her chosen semiotic resources 
contributed significantly to the time she spent attempting to solve the problem and to the heavy 
reliance on acting with the manipulatives. The fact that Jenny persisted for so long in her 
                                                        
11Although we selected Christina and Jenny based on variations in their existing fraction knowledge, we 
note that differences across their two episodes could also be a function of differences in their grade and 
age. It follows then that variations in the semiotic resources these two children employed also could stem 
from differences in their grade and age. In this study, we did not set out to document developmental 
patterns in children’s coordination of semiotic resources and do not claim that these cases generalize to 
the population. 
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attempt, as well as the resourcefulness of her strategies, are to us further signs of likely proximity 
to understanding.  
In terms of one-dimensional assessments such as that measured by PAE, Jenny’s 
placement of #& would be considered a significant error, perhaps signaling a lack of understanding 
that might take significant intervention to “remedy.” However, we are opposed to viewing 
children’s mathematical development in such limited and limiting terms, and we see in this 
episode evidence for Jenny’s likely proximity to knowledge objectification (Radford, 2009, 
2018), which warrants further investigation. Additionally, we see potential evidence here for the 
semiotic affordances of gesture as a means of advancing Jenny’s development. 
Drawing Correspondences Across Manipulatives: Evidence from Episodes 1 and 2 
Next, we discuss our second research question, which asked whether children drew 
correspondences across the different manipulatives available to them, looking for evidence to 
support the use of multiple representations in fraction instruction. In Episode 2, we saw Jenny 
attempt to place #& on the number line using the fraction bar pieces. Her strategy, although 
unsuccessful, connects to prior research that advocates for blending the part-whole, or area, 
model and number line (e.g., Hamdan & Gunderson, 2017; Saxe et al., 2013; Zhang et al., 2015). 
If the number line and fraction bar pieces were congruent (i.e., if the length of the 0-to-1 number 
line matched the length of the whole red fraction bar piece), Jenny’s method would have proved 
to be successful. Christina, on the other hand, relied on a gestural strategy and did not need the 
assistance of a concrete object, such as the fraction bar pieces. Nevertheless, we contend that 
Christina and Jenny’s attempts to estimate the magnitude of #& on the number line were 
conceptually similar: Both children approached the problem by attempting to partition the whole 
number line into four equal parts. Evidence from episodes 1 and 2, as well as evidence from 
other children’s interviews, suggests that children drew conceptual correspondences across the 
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two resources of the fraction bars and number line through the act of partitioning. Indeed, Behr et 
al. (1983) posited partitioning as one of the constructive mechanisms underlying the various 
ways fractions can be modeled, or constructed, which include the part-whole, measurement, 
quotient, ratio, and operator concepts. It follows then that the partition gesture could be valuable 
in helping children bridge the connection between the part-whole model, in the context of 
fraction bars, and the measurement model, in the context of the number line. At the very least, it 
follows then that the partition gesture could serve as another resource, similar to the fraction 
bars, which children can use to partition and iterate across the number line, albeit a more 
malleable and portable one. 
Using Object Manipulation and Gesture to Support Fraction Learning: Implications for 
Instruction and Future Research 
By closely analyzing episodes from Christina and Jenny’s interviews with Radford’s 
(2009, 2018) analytic method, another central goal of this study was to develop hypotheses for 
potential instructional techniques that utilize the resources of object manipulation and gesture to 
facilitate children’s fraction learning. The data we presented from these two cases—and from the 
26 interviews—suggest that both the fraction bars as well as the partitioning gesture could be 
successfully leveraged during instruction on fraction magnitude-estimation on a number line. 
Therefore, we recommend that future research examine how these two tools independently 
facilitate children’s learning of various fraction concepts (e.g., magnitude estimation, 
equivalence, fraction comparison, etc.), while teasing apart the affordances and constraints 
related to each tool. Prior research has investigated the effects of gesture and object manipulation 
on children’s learning of mathematical equivalence (Novack et al., 2014) and measurement 
(Congdon et al., 2018). To our knowledge, however, similar work has yet to be conducted within 
fractions. Future work also would benefit from considering the merits of using the partition 
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gesture and object manipulation together to ascertain whether gesture effectively bridges the 
fraction bars and number line to support the development of part-whole and measurement 
concepts. 
 Another avenue for future research is inspired by Jenny’s persistence on the number-line 
task, which was also a major contributing factor in our selection of Episode 2 for this study’s 
analysis. The incongruity between the lengths of the fraction bars and the number line presented 
Jenny with an opportunity for productive struggle, and this struggle relates to research conducted 
by Vitale, Black, and Swart (2013). These authors tested the effects of different training 
conditions on children’s number line-estimation performance involving whole numbers. During 
the intervention, children were presented with a 0-to-180 number line as well as a 0-to-180 ruler 
depicting key benchmarks (e.g., 45, 90, and 135). By varying the type of ruler across 
experimental conditions, Vitale et al. (2013) found that interventions involving an incongruent 
ruler—a ruler of a different length than the number line—were more successful at promoting 
learning and transfer than were interventions involving a congruent ruler—a ruler of the same 
the length as the number line—or no ruler. We suggest that future research on children’s fraction 
learning examine how variations in the spatial dimensions across manipulatives facilitate 
successful learning, transfer, and retention. For example, we propose a follow-up study inspired 
by Vitale et al. (2013) that tests the effects of interventions with congruent manipulatives—
where the lengths of the number line and fraction bars match (see Chapter 4)—versus 
incongruent manipulatives—where the lengths of the number line and fraction bars mismatch—
on children’s learning of fraction-magnitude estimation. Likewise, it would be valuable to 
investigate the benefits gesture affords children when presented with incongruent manipulatives. 
We hypothesize that in incongruent scenarios gesture could further support children’s learning 
and promote transfer. The findings presented here suggest that gesture could serve as a valuable 
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semiotic resource for children to use in their development as mathematics students. Unlike 
concrete manipulatives, which are fixed in size, shape, and other physical properties, gesture is 
an embodied resource that can be deftly tailored to the task-at-hand (Kita et al., 2017). And when 
mobilized together with concrete manipulatives and other materials that are common in the 
classroom, gesture has the potential to help children gain a flexible and portable conceptual 
understanding of mathematics. 
And finally, another potentially fruitful area of future work relates to a limitation that 
stems from the current study’s design. Although the interviewer did step in at times when the 
children demonstrated extreme difficulty (i.e., after a child spends a lengthy amount of time on 
one problem, as was seen in Jenny’s interview), she did not intervene to the extent that a teacher 
often might. In classroom studies such as those conducted by Radford (2009) and Chen and 
Herbst (2013), focal students worked together with peers and/or teachers in their attempts to 
solve mathematics problems. When a particular student struggled, those peers and/or teachers 
stepped in to push thinking forward. For example, in Radford’s (2009) study, one episode shows 
how a focal student’s understanding was aided by gestures that Radford himself enacted on the 
diagram. The student took up Radford’s gestures immediately after witnessing them. Shortly 
thereafter, the student solved the problem successfully. Although this is but one case, we see in 
the example of Jenny the possibility that instructional intervention could have been similarly 
helpful. Had the interviewer been methodologically free to intervene and teach Jenny the 
partition gesture, she may have taken up that gesture to help her solve the fraction problem. In 
the future, we plan to investigate this possibility by designing studies that allow the researcher to 
intervene in such a manner. 
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Conclusion  
In theoretical terms, our use of Radford’s (2009, 2018) theory and methods is the first 
step of a sustained inquiry into the affordances of cultural-historical activity theory (CHAT) for 
mathematics education (see Roth & Radford, 2011, for an introduction). We believe that CHAT 
has salience for research on the interplay between manipulatives and gestures (Lemke, 2003; 
Radford, 2018; Roth, 2001) because the activity systems framework (Cole & Engeström, 1993) 
is particularly effective at describing the development of practices and disruptions or breakdowns 
in activity. CHAT’s commitment to transforming (Roth, Radford, & LaCroix, 2012), rather than 
merely understanding what we observe, is key to our curricular and pedagogical aims.  
In practical terms, this project intends to contribute to ongoing discussions on the 
effective use of manipulatives in mathematics instruction (e.g., Brown et al., 2009; McNeil & 
Uttal, 2009). Through this research, we hope to provide insights that will guide curriculum 
developers and teachers in deciding whether and how to incorporate manipulatives into 
instruction. While there is much research available on manipulatives and on gestures separately, 
there is much less examining manipulatives and gestures together. More research is needed to 
guide our understanding of the interplay among manipulatives, gesture, and the other semiotic 
means that tend to accompany them, especially as they are relied on to help children learn 
mathematical ideas.  
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CHAPTER 4: USING GESTURES AND MANIPULATIVES TO SUPPORT YOUNG 
CHILDREN’S UNDERSTANDING OF FRACTIONS 
Fractions are a foundational area of mathematics, which persistently challenges children, 
beginning in early elementary school, and often continuing long after, despite multiple years of 
instruction (Lee, Grigg, & Dion, 2007; National Mathematics Advisory Panel, 2008; Siegler et 
al., 2010). For example, in Mack’s (1990) influential study on the relation between children’s 
formal and informal fraction knowledge, one child, who was comparing &$ and $*, immediately 
and correctly answered that &$ was smaller. When prompted to explain, however, this child 
changed their mind, concluding instead that these fractions were equivalent “because there's one 
piece missing from each — #* missing from $* and there's #$ missing from &$” (p. 28).  
Common errors, like this one, are argued to stem from children’s inclination to apply 
their knowledge of the properties and operations of whole numbers to fractions. Referred to as 
the whole number bias, Ni and Zhou (2005) defined this cognitive error as “a robust tendency to 
use the single-unit counting scheme to interpret instructional data on fractions” (p. 28). Despite 
the fact that this example is from a sixth-grade student, children’s proclivity toward the whole 
number bias can persist well beyond elementary and middle school, even into adulthood. To this 
point, Stigler, Givvin, and Thompson (2010) reported that only 22% of incoming community 
college students taking a mathematics placement test were able to arrange multiple numbers in 
correct order when two of the numbers were in symbolic fraction form and the other two were in 
decimal form. Additionally, only 33% of these incoming community college students could 
accurately identify the largest fraction when selecting from a group of four fractions.     
The cause of children’s struggle with fractions is difficult to pinpoint, and, among 
researchers in cognitive development, this struggle is—and has been—a point of contention. 
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Although conducted to illuminate developmental trajectories, research on the innate nature of 
numerical cognition has produced multiple—and at times, conflicting—theoretical perspectives. 
Some perspectives emphasize the conceptually disparate nature of acquiring whole number and 
fraction concepts (e.g., Gallistel & Gelman, 1992; Gelman, 1991)12, whereas others argue that 
the core structures for quantity representation are not different when learning whole numbers or 
fractions (e.g., Carey, 2004; Mix, Levine, & Huttenlocher, 1999). In fact, some of these 
researchers (e.g., Mix et al., 1999) contend that children’s issues with fractions may not be 
conceptually based, but rather are due to whole number bias-related errors when interpreting 
fractions in their symbolic form. 
Historically, in the U.S., mathematics instruction begins with developing whole number 
concepts through practices such as counting (Ni & Zhou, 2005; Schmittau, 2003). The rationale 
for this is that instruction should start with what is known to children, and then build from there. 
With a foundation in whole number concepts, it is not a surprise that children tend to transfer 
their knowledge of whole numbers when they encounter fractions. Unfortunately, the whole 
number bias can make fraction learning a fraught process for children. Complicating matters 
further, as Ni and Zhou (2005) noted, classroom instruction on fractions often overlooks two 
critical aspects in children’s learning process: (1) the “conceptual conflict” that is experienced as 
a result of the whole number bias’s strong influence on children’s initial thinking about fractions; 
and (2) the “conceptual restructuring” that must occur for children to counteract the whole 
number bias and develop accurate and flexible fraction concepts (p. 35). 
In light of the difficulty that surrounds children’s fraction learning, the current study’s 
overarching goal is to investigate the utility of different tools when formally introducing children 
                                                        
12Since the publication of Gelman (1991) and Gallistel and Gelman (1992), the authors have shifted their standpoint 
(Gallistel & Gelman, 2000). But because their earlier work informed both research and curricula, their original 
arguments are cited here.  
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to fraction notation and magnitude estimation. By creating a short instructional intervention that 
focuses on fraction partitioning, iterating, and magnitude estimation on a number line, we tested 
the effects of object manipulation (i.e., working with concrete manipulatives), gesture (see, e.g., 
Novack & Goldin-Meadow’s, 2017, representational action framework), and the combination of 
these two tools on children’s learning. Our aim in examining the roles of object manipulation and 
gesture within the topic of fractions was two-fold: First, we hope to contribute to extant literature 
that investigates how these tools support—or constrain—the development of children’s flexible 
and generalizable mathematics knowledge (e.g., Congdon, Kwon, & Levine, 2018; Cook, 
Mitchell, & Goldin-Meadow, 2008; Fazio, Kennedy, & Siegler, 2016; Hamdan & Gunderson, 
2017; Novack, Congdon, Hemani-Lopez, & Goldin-Meadow, 2014). Second, we believe these 
findings can inform the development of instructional methods that are sensitive to the cognitive 
struggle children experience during fraction learning and potentially mitigate the whole number 
bias. 
A Case for, and Against, Concrete Manipulatives as a Tool for Learning 
A common scene encountered in elementary school mathematics classrooms is that of 
children working at their desks with brightly colored objects and shapes. Following the seminal 
work of Montessori (1912), Piaget (1964), and Bruner (1973), physical objects (i.e., concrete 
manipulatives) have been touted as instructional tools that can provide children with external 
visual representations and embodied opportunities from which to learn abstract concepts. During 
fraction instruction, manipulatives can be a particularly helpful starting point for children 
because when fractions are presented solely in their symbolic form, children’s intuitive 
understandings can give way to faulty mathematical reasoning, often related to the whole number 
bias (Mack, 1990). But when fractions are linked to their analogues in everyday activities or 
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represented by manipulatives, children often reveal intuitively correct, informal knowledge 
(Empson, 1999; Mack, 1990).  
Although manipulatives are widely used in mathematics teaching, the manipulatives, in 
and of themselves, are not fail-safe solutions. Prior research on their efficacy has produced 
inconsistent findings (for reviews, see Belenky & Schalk, 2014; Clements & McMillen, 1996; 
McNeil & Jarvin, 2007; McNeil & Uttal, 2009). Some results highlight manipulatives’ potential 
to increase student engagement (Sowell, 1989) and learning (Carbonneau, Marley, & Selig, 
2013; Chao, Stigler, & Woodward, 2000; Martin & Schwartz, 2005; Sowell, 1989). Other results 
point to manipulatives’ potential to distract students with superficial and extraneous features, 
ultimately impeding learning (Kaminski, Sloutsky, & Heckler, 2009; Sloutsky, Kaminski, & 
Heckler, 2005). Additional research has suggested that children may find it difficult to connect 
the manipulatives’ external features to the corresponding abstract ideas they embody (DeLoache, 
2000; Uttal, Schreiber, & DeLoache, 1995). It is imperative to note that researchers who have 
reviewed the general efficacy of manipulatives (see Clements & McMillen, 1996; McNeil & 
Jarvin, 2007; McNeil & Uttal, 2009) stress the importance of proceeding with caution; successful 
learning with this tool requires appropriate material- and context-dependent conditions. 
A Case for, and Against, Gesture as a Tool for Learning 
Although manipulatives have maintained a decades-long stronghold in research on 
supporting children’s learning, especially in mathematics education, the study of gesture as a 
semiotic resource (e.g., Lemke, 2003; Chen & Herbst, 2012) has not received as much attention. 
One of the early pioneers who advocated for the study of gesture, McNeill (1992), defined these 
actions as, 
Gestures…are not just the arms waving in the air, but symbols that exhibit meanings in 
their own right. They have a meaning that is freely designated by the speaker …  
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Gestures are symbols different from spoken language, however. They are created—in 
contrast to retrieved—by the speaker at the moment of speaking (p. 105).  
When produced with speech, gesture can reflect our mental representations (Alibali, Bassok, 
Solomon, Syc, & Goldin-Meadow, 1999) and metaphorical mappings (Núñez, 2008) of 
mathematical problems or concepts. In addition to communicating our own ideas, gesture also 
can act as an instructional tool to facilitate children’s mathematics learning, both when the 
instructor produces gestures (e.g., Alibali et al., 2013; Perry, Berch, & Singleton, 1995; Singer & 
Goldin-Meadow, 2005) and when the children do (e.g., Congdon et al., 2018; Cook et al., 2008; 
Goldin-Meadow, Cook, & Mitchell, 2009; Novack et al., 2014).  
Comparing gesture to object manipulation, researchers have theorized that both 
mechanisms serve similar cognitive functions when reasoning, problem solving, and encoding 
information (Kita, Alibali, & Chu, 2017; Novack & Goldin-Meadow, 2017). However, because 
gestures are argued to be more abstract in what they represent, they have been hypothesized to be 
a more fruitful learning tool relative to manipulatives (Kita et al., 2017; Novack & Goldin-
Meadow, 2017). On this distinction, Novack and Goldin-Meadow (2017) wrote, “…Gestures 
produce effects on thinking and learning because they are representational actions—actions that 
are produced not to have an effect on the external world, but to communicate and stand for ideas 
beyond themselves” (p. 381, emphasis in original).  
Novack, Goldin-Meadow, and colleagues (Novack et al., 2014) examined experimentally 
how instructional lessons that varied by the tools elementary school-aged children used affected 
their performance on mathematical equivalence problems (e.g., 2 + 9 + 4 = __ + 4). In this study, 
children were asked to produce either (a) instrumental actions whereby children physically 
manipulated objects; (b) concrete actions whereby children imitated the manipulation of objects 
by acting on top of the objects, but not actually touching or moving them; or (c) representational 
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actions whereby children gestured to indicate a mathematical strategy. All three conditions led to 
learning when tested on problems similar to those used in training. However, when tested on 
problems that required a different problem-solving strategy than the one taught during training 
(i.e., transfer problems), children who produced representational actions—but not those who 
produced instrumental or concrete actions—performed significantly better (Novack et al., 2014). 
Caution must be taken when considering the benefits of using gesture to support student 
learning, similar to what we discussed concerning manipulatives: Successful learning likely 
involves encouraging some gestures—and not others—within a context-appropriate 
environment. Furthermore, the success of gesture as a learning tool may depend on individual 
differences in children’s prior knowledge of the subject being taught, as recent work by Congdon 
et al. (2018) complicates the argument set forth by Novack and Goldin-Meadow (2017). 
Congdon et al. (2018) experimentally tested the effects of gesture- or manipulative-based 
learning activities on children’s understanding of linear measurement. They found that gesture 
was not effective for children whose prior knowledge—assessed by the incorrect strategy they 
used on a pretest—was the least advanced. For these children, manipulative-based lessons were 
more beneficial in supporting their learning. However, for the children who demonstrated a more 
advanced, albeit also incorrect, problem-solving strategy during the pretest, both gesture- and 
manipulative-based activities resulted in learning gains. 
Integrating Concrete Manipulatives and Gesture: A Case for Concreteness Fading 
Based on Bruner’s (1973) theory of cognitive development, concreteness fading (see 
Fyfe, McNeil, Son, & Goldstone, 2014) follows the proposal that knowledge progresses through 
three levels of representation—enactive, which stems from interactions with physical objects or 
models; iconic, which stems from interaction with pictorial models; and symbolic, which stems 
from interaction with symbols and language. A small, but growing body of research has explored 
72 
 
the benefits of concreteness fading, whereby instruction begins with concrete tools—by starting 
with manipulatives, for example—then fades to using abstract tools—by, say, ending with 
symbolic notation (for reviews, see Fyfe et al., 2014; Marley & Carbonneau, 2015; Nathan, 
2012).  
In cognitive development and mathematics education research, concreteness fading has 
been shown to be advantageous for children learning mathematical equivalence (Fyfe, McNeil, 
& Borjas, 2015). And given that gesture is theorized to be a more abstract, more portable 
learning tool relative to manipulatives, it follows that gesture might serve as an intermediate step 
between concrete manipulatives and symbolic representation. Likewise, the combination of 
concrete manipulatives and gesture could also facilitate children’s mathematics learning, not 
only for equivalence, but in other areas as well—although this hypothesis has yet to be borne out 
in research. On the relation between gesture and concreteness fading, Kita et al. (2017) have 
proposed that instructors’ gestures could positively influence the way children “schematize” 
information by acting as “as a form of instructional ‘concreteness fading’” (p. 17). Kita et al. 
used an example from a middle-school algebra lesson on linear equations, during which the 
teacher created a two-handed gesture that represented the parallelism of two lines (citing Alibali 
et al., 2013), to argue this point. Kita et al. contended that this teacher’s gesture emphasized the 
concept being taught while simultaneously deemphasizing superficial and irrelevant aspects of 
the graphical display, which included a third line of differing slope. Ostensibly, the merits of 
instructional gestures as a concreteness-fading tool could also extend to other learning settings 
that involve different types of visuospatial arrangements, including manipulatives.  
Circling Back to Fractions: Moving from the Area Model to the Linear Model 
The Common Core State Standards Initiative (2015) has advised that children be 
introduced to the concept of fractions through the area model, in which a whole area is 
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partitioned into equal segments, or parts. Classified under the domain of geometry and 
recommended for first and second grade (Common Core State Standards Initiative, 2015), the 
area-model approach builds on children’s familiarity with sharing and is endorsed by researchers 
and curriculum developers as an appropriate starting point (Mack, 1990; Siegler et al., 2010; Van 
de Walle, 2013). However, curricula tends to concentrate too heavily on the area model, which 
may be one source contributing to children’s entrenchment in the whole number bias (Siegler et 
al., 2010). By focusing only on the area model, or the part-whole concept, fraction instruction 
neglects to teach children that fractions are numbers with magnitudes, which, as with whole 
numbers, can be compared and ordered (Siegler et al., 2010). 
To combat children’s change-resistance (McNeil & Alibali, 2005) due to the whole 
number bias, researchers and curriculum developers advocate for instruction that, in addition to 
the area model, teaches children measurement and number-line estimation skills (Fazio et al., 
2016; Hamdan & Gunderson, 2017; Saxe, Diakow, & Gearhart, 2013; Siegler et al., 2010; 
Siegler, Thompson, & Schneider, 2011; Zhang, Clements, & Ellerton, 2015). According to a 
report from the Institute of Education Sciences, number lines “clearly illustrate the magnitude of 
fractions; the relation between whole numbers and fractions; and the relations among fractions, 
decimals, and percents” (Siegler et al., 2010, p. 20). Correspondingly, in the third grade, 
fractions become classified as numbers and operations by the Common Core, and children are 
introduced to the symbolic notation for fractions as well magnitude estimation on the number 
line (Common Core State Standards Initiative, 2015). 
Recent experimental research has demonstrated that the type of representations used 
during instruction—either the number-line or the circular-area model—lead to increased 
performance on tasks similar to the problems used during training (Hamdan & Gunderson, 
2017). Hamdan and Gunderson (2017) found that children who learned about fractions using the 
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number line performed better on number-line tasks, but not area-model tasks. Likewise, children 
who learned about fractions using the circular area model performed better on circular area-
model tasks, but not number-line tasks. Additionally, and perhaps more importantly, the number-
line intervention, but not the area-model intervention, resulted in increased performance on 
transfer tasks in which the magnitude of two different fractions were compared.  
The Current Study 
Although a bulk of empirical studies have examined the efficacy of manipulatives in 
supporting learning in general (Carbonneau et al., 2013), only a small group of studies have 
examined how, and which, manipulatives or representations support fraction learning (e.g., 
Cramer, Post, & delMas, 2002; Cramer & Wyberg, 2009; Fazio et al., 2016; Hamdan & 
Gunderson, 2017). Furthermore, although gesture could serve as a viable alternative to the 
constraints that manipulatives pose, only recently have experiments directly tested the effects of 
object manipulation and gesture production on children’s learning of mathematical concepts, 
including mathematical equivalence (Novack et al., 2014) and linear measurement (Congdon et 
al., 2018). But to our knowledge, no studies have yet tested how object manipulation, gesture, 
and their combination (as a form of concreteness fading) support children’s fraction learning.  
In light of recent recommendations to develop children’s proficiency on fraction 
magnitude-estimation tasks (i.e., Fazio et al., 2016; Siegler et al., 2010, 2011), the current study 
is situated at the juncture when children are introduced to the symbolic notation for fractions and 
the concept of placing fractions on the number line. We developed an instructional lesson that 
uses manipulatives, gesture, and a combination of the two, to bridge the area model with the 
number line (see Hamdan & Gunderson, 2017; Saxe et al., 2013; Zhang et al., 2015), and to 
target the following third-grade learning goals, which were taken directly from the Common 
Core State Standards Initiative (2015): 
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1. Understand a fraction #, as the quantity formed by 1 part when a whole is 
partitioned into 𝑏 equal parts; understand a fraction +, as the quantity formed by a 
parts of size #,. 
2. Understand a fraction as a number on the number line; represent fractions on a 
number line diagram. 
a. Represent a fraction #, on a number line diagram by defining the interval 
from 0 to 1 as the whole and partitioning it into 𝑏	equal parts. Recognize 
that each part has size #,	and that the endpoint of the part based at 0 locates 
the number #,	on the number line. 
b. Represent a fraction +, on a number line diagram by marking 𝑎 off lengths #,		from 0. Recognize that the resulting interval has size +, and that its 
endpoint locates the number +, on the number line. 
We used a pretest-training-posttest design to address the following research questions: 
1. To what extent does instruction that incorporates concrete manipulatives and gesture—
used separately and together—support children’s learning of fraction-magnitude 
estimation? 
2. To what extent do variations in the instructional lesson promote generalization of 
children’s knowledge to other tasks, which include area-model estimation and fraction-
magnitude comparison? 
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Method 
Participants 
A total of 54 children learning second and third grade-level mathematics were recruited. 
Children were recruited from 3 public schools and 1 private school near a large Midwestern 
university. Data were collected during the school year before children were formally introduced 
to fraction notation and number line-estimation tasks. Children ranged in age from 6.25 to 9.08 
years (?̅? = 7.98). Of these children, 57.4% were female; 53.7% were White; 18.5% were Black; 
16.7 % were Asian; 9.3% were Multiracial; and 1.9% were Hispanic. For 5.6% of children, 
English was not the primary language spoken at home. Because of the instructional 
intervention’s learning objectives, one child was excluded from analyses because their pretest 
score reached ceiling [mean percent absolute error (PAE) = 0.02 on the number line-estimation 
task; mean PAE = 0.02 on the area model-estimation task; and 3 out of 3 on the fraction 
magnitude-comparison task]. An additional three children were excluded from analyses for the 
following reasons: The work of two children across the pre- and posttests reflected a 
fundamental misunderstanding of the directions (i.e., across the pre- and posttests, each child 
achieved a mean PAE = 1 on the number line-estimation task; mean PAE = 1 on the area model-
estimation task; and 0 out of 3 on the fraction magnitude-comparison tasks). The third child was 
ill and fell asleep several times during the session. 
Procedure 
 We used a pretest-training-posttest design. One of the authors conducted individual 
sessions with each participant, which typically lasted approximately 40 min (range = 25 to 55 
min). The session began with a pretest. After the pretest, each child received instruction in one of 
the four randomly assigned conditions: (1) manipulatives-based lesson (𝑛 = 13); (2) gesture-
based lesson (𝑛 = 14); (3) concreteness fading-based lesson with manipulatives, then gesture 
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(𝑛 = 12); and a (4) paper and pencil-based lesson (𝑛 = 11), which served as the control group. 
Immediately after instruction, children completed a posttest. 
Instruction. All participants were introduced to fraction notation and magnitude 
estimation on a number line using a script that progressed through the following fractions in 
order: #! , !! , #) , !) , )) , #& , !& , )&,	and &&. The lesson concentrated on four central ideas (see Appendix C) 
for an excerpted portion of the script): 
1. The numerator and denominator work together to make a fraction.  
2. The denominator of a fraction indicates the number of same-sized, or equal, parts 
of a whole unit (Van de Walle, 2013). In this portion of the lesson, the whole unit 
was a 0-to-1 number line. To illustrate, when teaching participants about the 
fraction #!, the instructor told children, “The denominator tells us how many same-
sized parts are in the whole. Same-sized means that the parts are equal. For one-
half, the whole is divided into two equal parts.”  
3. The numerator indicates how many of those same-sized parts are being 
considered (Paik & Mix, 2003; Mix & Paik, 2008). Returning to the example of #!, 
the instructor said, “The numerator tells us how many same-sized parts we have. 
For one-half, we have one of two equal parts.”  
4. A fraction (+,) is a number that can be represented on a 0-to-1 number line by 
dividing the whole number line into 𝑏 equal parts, with each part representing #, 
and with +, consisting of 𝑎 lengths of #, from 0 (Common Core State Standards 
Initiative, 2015). 
Variations across experimental conditions. Because a major learning goal for the 
instructional lesson was to teach children how to represent fractions on the number line, we 
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selected tools based on their usefulness in bridging the area model to the linear model. Thus, we 
varied the experimental conditions by one major difference: the tool used in relation to the 
number line. Aside from tool-related variations, the lesson’s materials, script and content 
remained the same across each condition (see Appendix C). Below, we describe how and why 
each tool was selected for this experiment. 
Manipulatives-based lesson. In the manipulatives-based lesson, children were taught how 
to place fractions on the number line using fraction bars (Figure 4.1a). We selected unmarked 
fraction bars because prior research has suggested that this representation helps facilitate 
children’s learning of fraction magnitude estimation (Hamdan & Gunderson, 2017; Saxe et al., 
2013). We argue that the fraction bars embody both a linear model approach—in that the narrow 
tiles can be compared to each other on the basis of length—and an area model approach—in that 
the rectangular tiles also can be orchestrated to demonstrate part-whole relations. Because of this 
flexibility, fraction bars were chosen over the more ubiquitous fraction circles for the purposes of 
this study.  
Gesture-based lesson. In the gesture-based lesson, children were taught how to place 
fractions on the number line using a partitioning gesture (Figure 4.1b), in which the 
experimenter modeled how to use her thumb and index finger to partition a whole number line 
into equal parts. For example, when teaching #!, the experimenter demonstrated how to divide the 
whole number line into two equal parts, or partitions, by first placing her thumb at 0 and index 
finger at #!, and saying “one equal part.” Then, keeping her hand in the same configuration, the 
experimenter moved her thumb to #! and index finger to 1, demonstrating “two equal parts.” We 
selected this gesture based on previous work (see Chapter 3; Beilstein & Beilstein, 2019), which 
found that children spontaneously produced the partitioning gesture when working with both the 
number line and fraction bars. This finding suggests that a conceptual similarity exists across the 
79 
 
number line and fraction bars as a result of the interplay between these two tools and children’s 
spontaneous speech and gesture when explaining their understanding of what fractions are. 
Concreteness-fading lesson. In the concreteness fading-based lesson, children were first 
taught how to place #! , !! , #) , !),	and )) on the number line using fraction bars (Figure 4.1c). Then, 
they were taught how to place #& , !& , )&,	and && on the number line using the partitioning gesture 
(Figure 4.1d). This condition was developed by combining literature on concreteness fading 
(Fyfe et al., 2014, 2015; Marley & Carbonneau, 2015; Nathan, 2012) and on gesture (Congdon et 
al., 2018; Kita et al., 2017; Novack & Goldin-Meadow, 2017; Novack et al., 2014). 
Pencil and paper-based lesson. In the no tool-based lesson, children were taught how to 
place fractions on the number line only using a pencil and the number-line worksheet (Figure 
4.1e). This condition served as our control group. 
Figure 4.1. Children were randomly assigned to one of four conditions that varied by the tool 
they used to partition the number line into equal parts and to iterate across the number line: (1) In 
the manipulatives-based lesson (a, upper right), children used fraction bars; (2) In the gesture-
based lesson (b, upper left), children used the partitioning gesture; (3) In the concreteness-fading 
lesson, children started by using fraction bars (c, middle left) and ended by using the partition 
gesture (d, middle right); (4) And in the pencil and paper-based lesson, or control, children only 
used paper and pencil (e, lower left). 
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Figure 4.1 (cont.). 
 
        
 
 
Pre- and Posttest Measures 
The pre- and posttest contained 11 items that correspond to three general areas in fraction 
instruction: number-line estimation, area-model estimation, and fraction-magnitude comparison 
(see Appendix E). The sequence in which the tests were administered was counterbalanced 
across participants (AB or BA) to control for order effects using a standard Latin square (Keppel 
& Wickens, 2004). No significant order effects were found across the counterbalanced versions 
(see Table 4.1). We therefore collapsed data across order in all subsequent analyses.  
Shapiro-Wilk tests and visual inspection of q-q plots indicated that the observed 
distributions for the pre- and posttest measures were not normal across the counterbalanced test 
versions (all had p <  0.01) for each problem type—number-line estimation, area-model 
estimation, and fraction-magnitude comparison (see the next section for a detailed description of 
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each task). Given the non-normality of the distributions, scores across counterbalanced versions 
of the pre- and posttests were compared using non-parametric, Kruskal-Wallis tests. 
Table 4.1. Comparisons of mean and standard deviation for the counterbalanced pre- and 
posttest measures, by problem type and counterbalanced test version. 
 
Problem Type Test A  Test B  Kruskal-Wallis 
Mean SD Mean        SD 𝜒!(1) p 
Number Line-Pretest 0.43 0.30 0.38 0.25 0.13 0.72 
Number Line-Posttest 0.26 0.30 0.25 0.25 < 0.01 0.99 
Area Model-Pretest 0.49 0.44 0.55 0.42 0.73 0.39 
Area Model-Posttest 0.52 0.45 0.41 0.44 1.36 0.24 
Magnitude 
Comparison-Pretest 
1.48 0.80 1.41 0.80 0.17 0.68 
Magnitude 
Comparison-Posttest 
1.63 0.69 1.56 0.80 0.36 0.55 
Number-line estimation. The number line-estimation task was based on previous 
research by Siegler and colleagues (e.g., Fazio et al., 2016; Siegler et al., 2011). The pre- and 
posttests each contained 4 number line-estimation problems, and children were asked to place a 
mark on a 0-to-1 number line to indicate where each fraction goes. Two of the items included a 
fraction used during instruction (e.g., a unit fraction such as #& and a non-unit fraction such as !)). 
The other 2 items tested fractions that were not used during instruction (e.g., a non-unit fraction 
using a denominator of sixths or eighths from the Common Core State Standards, 2015, and a 
unit fraction for a denominator of either fifths or sevenths not from the Common Core State 
Standards). 
Accuracy on the number line estimation items were assessed using PAE that compared 
children’s estimated placement of fractions to their actual locations on the number line. Used by 
Siegler and colleagues (Fazio et al., 2016; Siegler et al., 2011), the PAE = (|Participant’s Answer 
– Correct Answer|) / Numerical Range x 100. Better performance on the number line-estimation 
tasks is measured by a lower PAE score. 
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Area-model estimation. The pre- and posttests each contained 4 area model-estimation 
problems for which children were asked to color in the shape to represent a fraction—a task 
many children are familiar with by third grade (Common Core State Standards, 2015). Two 
items were circles, and the other 2 were rectangles, and the fractions presented were similar, but 
not identical to those used in the number line-estimation task (e.g., 2 fractions were taught during 
the lesson—a unit fraction and a non-unit fraction; 2 fractions were not taught during the 
lesson—a non-unit, Common Core-approved fraction with a denominator of sixths or eighths 
and a unit, non-Common Core-approved denominator of either fifths or sevenths). 
Accuracy on the area model-estimation tasks, which we considered as transfer problems 
because children did not receive instruction on these tasks, were also assessed using PAE (see 
Hamdan & Gunderson, 2017) that compared children’s estimated, shaded-in area to the actual 
area indicated by a fraction. For these items, the PAE = (|Participant’s Answer – Correct 
Answer|) / Overall Area of the Shape x 100. Better performance on the area model-estimation 
tasks is measured by a lower PAE score13. 
Fraction-magnitude comparison. The pre- and posttests each contained 3 items for 
which children were asked to circle the larger of 2 fractions (e.g., Bailey, Hoard, Nugent, & 
Geary, 2012; Hamdan & Gunderson, 2017). The pairs of fractions being compared ranged in 
difficulty levels from easy, which compared 2 unit fractions used in instruction (e.g., #)	vs. #!); to 
medium, which compared two fractions on either side of half (e.g., #' vs. !)); to hard, which 
                                                        
13Due to the nature of the number line- and area model-estimation tasks, it was possible for children to 
receive a PAE score of 1. Children received a PAE of 1 for different types of reasons. For example, on the 
number-line task, a child placed multiple marks on the line, indicating the locations for 1 and 4 instead of #&. We included these children in the present analyses because we believe their data are important to 
consider when assessing the efficacy of the instructional lesson, especially as it varies by tool. We also 
argue that a PAE of 1, which represents 0% accuracy, is an appropriate way to interpret their answers on 
these tasks. 
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compared two fractions on the same side of half ("'	vs. !)). Answers to these items, which we also 
considered as transfer problems, were scored for total items correct.  
Analytical Methods 
  Evaluating the instructional intervention’s overall efficacy. We calculated mean 
scores for children’s performance on the number line- and area model-estimation tasks, as well 
as summed scores for children’s performance on the fraction magnitude-comparison tasks, for 
the pre- and posttests. Shapiro-Wilk tests and visual inspection of q-q plots indicated that the pre- 
and posttest measures were not normally distributed for all three problem types on both the pre- 
and posttests (all had p <  0.01). Thus, we used the non-parametric Wilcoxon (1945) signed-rank 
test to ascertain the presence of learning gains by testing differences in pre- to posttest scores for 
each problem type. 
Evaluating the effect of experimental condition on number-line and area-model 
estimation14. We calculated mean PAE scores for children’s performance on the number-line 
and area-model tasks and compared these from pre- to posttest, by experimental condition. For 
the number line-estimation task, Shapiro-Wilk tests and visual inspection of q-q plots indicated 
that the pre- and posttest measures were not normally distributed for a majority (5 of 8 
distributions) of the conditions (the non-normal distributions had p <  0.05). For the area model-
estimation task, Shapiro-Wilk tests and visual inspection of q-q plots indicated that the pre- and 
posttest measures were not normally distributed for all of the conditions (all had p <  0.01). 
Because both the number line and area model-estimation tasks were assessed using PAE and 
                                                        
14Because a major research aim was to determine the effect of condition on children’s number line-
estimation performance as well as transfer to area-model and fraction magnitude-comparison 
performance, we used separate tests for each outcome. We believe these separate tests were warranted 
due to the continuous nature of the number-line and area-model tasks and the ordinal nature of the 
fraction magnitude-comparison task.  
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because a majority of the observed distributions for these tasks by condition were non-normal, 
we used the same analytical approach to analyze both problem types. 
We used the non-parametric Wilcoxon (1945) signed-rank test to ascertain the presence 
of learning gains by testing differences in pre- to posttest scores for each condition. We used 
Analysis of Covariance (ANCOVA) to test the effect of condition on children’s number-line and 
area-model estimation with mean posttest PAE as the dependent variable, condition as the 
between-subjects variable, and mean pretest PAE as the covariate when scores on the pretest 
were not comparable across conditions.  
 Evaluating the effect of experimental condition on fraction-magnitude comparison. 
Children’s performance on the fraction magnitude-comparison tasks were scored for total items 
correct on the pre- and posttest. However, several children reached ceiling on the magnitude-
comparison pretest by getting all three items correct. Because their mean PAE scores on the 
number line- and area model-estimation pretests were not at ceiling, we excluded them from 
analyses of magnitude comparison only15. Thus, with these outliers removed, children’s pre- and 
posttest scores could only assume 3 values (0, 1, or 2). Shapiro-Wilk tests and visual inspection 
of q-q plots indicated that the pre- and posttest measures were not normally distributed for all of 
the conditions (all had p <  0.05). Similar to the methods outlined above, we used the non-
parametric Wilcoxon (1945) signed-rank test to ascertain the presence of learning gains by 
testing differences in pre- to posttest scores for each condition. We also treated children’s 
summed scores on the pre- and posttest magnitude-comparison tasks as a discrete variable. Due 
to the ordinal nature of the summed scores, we used an adjacent-category logit model, a form of 
                                                        
15After excluding an additional five children from our analyses of fraction magnitude-comparison tasks, 
the sample sizes per instructional condition are as follows: (1) manipulatives-based lesson (𝑛 = 10); (2) 
gesture-based lesson (𝑛 = 13); (3) concreteness fading-based lesson (𝑛 = 10); and a (4) pencil and 
paper-based lesson (𝑛 = 13). 
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multinomial logistic regression (Agresti, 2007), with children’s posttest score as the dependent 
variable, and condition and pretest score as independent variables. 
Results 
In this section, we present findings from the data collected thus far to address our 
research questions16. We begin by examining the extent to which children, across all conditions, 
improved in their performance from the pre- to the posttest on the three problem types: (1) 
number-line estimation; (2) area-model estimation; and (3) fraction-magnitude comparison. To 
do this, we report results from pre- to posttest comparisons that collapse across all conditions.  
Next, to address our first research question, we consider whether the interventions—a 
pencil and paper-based control, concrete manipulatives, gestures, or manipulatives followed by 
gesture—support children’s performance on the posttest for number-line estimation, which was 
the target of the lesson and thus represents children’s learning from instruction from pre- to 
posttest.  
Finally, to address our second research question, we examine whether instruction 
impacted improvement from the pre- to the posttest on the area-model and fraction magnitude-
comparison problems, which represent a generalization, and thus a transfer from the instructional 
target of fraction-magnitude estimation by placement on the number line. 
Overall Effects of Instruction  
We begin by analyzing whether instruction, in general, impacted children’s performance 
on the posttest. To examine the influence of the instruction on children’s learning, independent 
of condition, we compared the mean scores for children’s performance on the pre- and posttests 
by problem type (see Table 4.2). A Wilcoxon (1945) signed-rank test indicated a significant 
difference in performance from the pre- to posttest for number-line estimation, area-model 
                                                        
16We are continuing data collection and plan to recruit a total sample size of at least 80 children. 
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estimation, and magnitude comparison. These results suggest that children’s performance 
improved after the instruction for all three problem types, as demonstrated by a significant 
increase in scores from pre- to posttest. 
Table 4.2. Comparisons of means and standard deviation for the three types of problems on the 
pre- and posttest, with all four conditions combined. 
 
Problem Type  Pretest  Posttest  Wilcoxon Signed-Rank 
Mean SD Mean        SD S p 
Number Line (PAE) 0.39 0.25 0.22 0.13 -445.5 < 0.01 
Area Model (PAE) 0.50 0.43 0.44 0.43 -117.5 0.04 
Magnitude 
Comparison (# correct, 
out of 3) 
 
1.31 0.56 1.49 0.59 26 0.04 
Effects of Condition on Isomorphic Problems: Number-Line Estimation  
To examine the potential differential influence of instruction on children’s learning of 
number-line estimation, we first present mean PAE scores for children’s performance on the pre- 
and posttests (see Table 4.3), by condition. As can be seen in the table, all conditions showed 
improvement, but the children’s pretest performance did not appear comparable across 
conditions.  
Table 4.3. Comparisons of mean and standard deviation for the pre- and posttest number-line 
measures, by condition. The Wilcoxon Signed-Rank test indicates significant improvement for 
all conditions, except for the manipulative-based lesson. 
 
Experimental 
Condition 
Pretest  Posttest  Wilcoxon 
Signed-Rank 
Mean 
PAE 
SD Mean 
PAE       
SD S p 
Control 0.43 0.26 0.22 0.15 -33.5 0.02 
Gesture 0.35 0.11 0.19 0.13 -42.5 < 0.01 
Manipulative 0.55 0.38 0.33 0.36 -14.5 0.10 
Manipulative + Gesture 0.26 0.12 0.13 0.12 -29 0.02 
 
To control for pretest differences and to test whether apparent posttest differences were 
significant, we ran a one-way ANCOVA, with mean-posttest, number-line PAE as the dependent 
variable, condition as the between-subjects variable, and mean-pretest, number-line PAE as the 
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covariate. We chose this test because it allows us to control for pretest differences across 
conditions and is robust to non-normal distributions. The homogeneity of regression assumption 
held, as the interaction term was not significant (F(3, 42) = 1.43, p = 0.25, 𝜂partial! = 0.08), 
demonstrating that the slopes of the regression lines for each condition were similar (Keppel & 
Wickens, 2004). Next, we ran the ANCOVA again without the interaction. This analysis did not 
detect a difference between condition, when controlling for mean-pretest, number-line PAE (F(3, 
45) = 0.76, p = 0.52, 𝜂partial! = 0.05), suggesting that each condition improved similarly. 
Effects of Condition on Transfer Problems: Area-Model Estimation and Fraction-
Magnitude Comparison 
The effect of experimental condition on area-model estimation. To examine the 
potential differential influence of number-line instruction on children’s transfer to a different 
representation, the area model, we compared children’s performance, using their mean PAE 
area-model estimation, across condition, on the pre- and posttests (see Table 4.4). A Wilcoxon 
(1945) signed-rank test indicated no significant difference in performance from the pre- to 
posttest for any condition (all had p > 0.05).  
Table 4.4. Comparisons of mean and standard deviation for the pre- and posttest area-model 
measures, by condition. The Wilcoxon Signed-Rank test indicates no significant improvement 
across all conditions. 
 
Experimental 
Condition 
Pretest  Posttest  Wilcoxon 
Signed-Rank 
Mean 
PAE 
SD Mean 
PAE       
SD S p 
Control 0.61 0.44 0.53 0.46 -5 0.55 
Gesture 0.47 0.43 0.44 0.45 -9.5 0.38  
Manipulative 0.51 0.47 0.40 0.47 -9 0.16 
Manipulative + Gesture 0.40 0.38 0.37 0.39 -8.5 0.36 
 A one-way ANCOVA, with mean-posttest, area-model PAE as the dependent variable, 
condition as the between-subjects variable, and mean pretest, area-model PAE as the covariate 
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confirmed that there were no significant learning gains from pre- to posttest by condition. The 
homogeneity of regression assumption held, as the interaction term was not significant (F(3, 42) 
= 0.75, p = 0.53, 𝜂partial! = 0.05), demonstrating that the slopes of the regression lines for each 
condition were similar (Keppel & Wickens, 2004). We ran the ANCOVA without the 
interaction, and again did not detect a difference between condition on mean-posttest, area-model 
PAE when controlling for mean-pretest, area-model PAE (F(3, 45) = 0.14, p = 0.93, 𝜂partial! =0.01).  
The effect of experimental condition on fraction-magnitude comparison. To examine 
the potential differential influence of number-line instruction on children’s transfer to fraction 
magnitude-comparison problems across condition, we compared children’s scores for this task 
on the pre- and posttests (see Table 4.5). A Wilcoxon (1945) signed-rank test indicated no 
significant difference in performance from the pre- to posttest for any condition (all had p > 
0.05).  
Table 4.5. Comparisons of mean and standard deviation for the pre- and posttest magnitude-
comparison measures, by condition. The Wilcoxon Signed-Rank test indicates no significant 
improvement for all conditions. 
 
Experimental 
Condition 
Pretest  Posttest  Wilcoxon 
Signed-Rank 
Mean SD Mean        SD S p 
Control 1.46 0.52 1.62 0.65 1.5 0.5 
Gesture 1.33 0.49 1.56 0.51 3 0.25 
Manipulative 1.2 0.79 1.3 0.67 1.5 1.00 
Manipulative + Gesture 1.2 0.42 1.4 0.52 1.5 0.50 
Furthermore, a multinomial logistic regression, which used an adjacent-category model to 
account for the ordinal values of the posttest score, did not reveal any significant relationships 
(all p > 0.05). In this model, children’s posttest magnitude-comparison score served as the 
dependent variable while condition and pretest magnitude-comparison score served as 
independent variables. 
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Discussion 
Fractions—their concepts, procedures, and especially symbolic notation—persistently 
vex children from as early as elementary school and long after (Lee et al., 2007; National 
Mathematics Advisory Panel, 2008; Siegler et al., 2010)—at times, even into adulthood (Stigler 
et al., 2010). Researchers have suggested that such sustained misconceptions could be due, in 
part, to the seemingly impervious whole number bias (Ni & Zhou, 2005). Although the part-
whole model is a viable introductory approach (Common Core State Standards, 2015; Siegler et 
al., 2010), researchers and educators have noted that an important, but often overlooked, 
corollary is the development of children’s whole number and fraction magnitude-estimation 
skills (Fazio et al., 2016; Siegler et al., 2010, 2011). Siegler et al. (2011) contend that the 
development of these skills serve to broaden children’s understanding of whole numbers to 
include the rational number system, leading to a more robust and flexible understanding of 
fractions.  
The goal of the current study was to examine the efficacy of different action-based 
learning tools—concrete manipulatives, gesture, and their combination—on children’s learning 
of fraction-magnitude estimation through placement on the number line, as an isomorphic task, 
and of area-model estimation and of fraction-magnitude comparison, as transfer tasks. And while 
concrete materials have occupied a large space in the cognitive development and mathematics 
education literature (Carbonneau et al., 2013; Sowell, 1989), and a smaller, but significant space 
within the specific mathematical topic of fractions (e.g., Cramer & Wyberg, 2009; Fazio et al., 
2016; Hamdan & Gunderson, 2017; Siegler et al., 2011), we believe that gesture has thus far 
been underutilized as a tool for supporting learning within this specific content area.  
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Overview of Findings 
Our research aims were three-fold. First, we asked: Would instruction focused on 
number-line estimation and fraction notation help children improve their performance on tasks 
measuring their understanding of fraction magnitude? Results from these preliminary data 
suggest that our short instructional intervention promoted children’s learning based on increased 
accuracy on posttest, number line-estimation tasks. Second, we asked: To what extent does the 
instruction that focused on number-line estimation and fraction notation—but varied in its 
reliance on concrete manipulatives, gestures, or their combination—differentially support 
children’s learning of fraction magnitude? Here, we found that three of the four conditions, 
excluding the manipulative-based lesson, led to learning, even the pencil and paper-based 
control. Third, we asked: Does instruction focused number-line estimation and fraction notation 
transfer to other problems—to area-model estimation and fraction-magnitude comparison? We 
found no evidence that the instruction impacted children’s performance on these transfer tasks 
when we took their pretest performance on these tasks into consideration. 
Supporting Performance on Number-Line Estimation, but not on Transfer Tasks 
We saw learning gains for all conditions except for the manipulative-based lesson. 
Although we were surprised that the manipulative-based lesson did not lead to significant 
learning gains from pre- to posttest, knowing that the effects of instruction with gesture were 
more effective than the effects of instruction with manipulatives suggests that gesture can also 
serve as a valuable educative tool. We find this to be an exciting result, given the portability, 
ubiquity, and cost-effective qualities of gesture, which might enhance instruction—assuming that 
gestures support children’s developing conceptions—when other resources are unavailable.  
However, we were surprised to see the positive effects of instruction for the children who 
were randomly assigned to the pencil and paper-based control. We have two possible 
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explanations for this unexpected result. First, it is possible that neither gestures nor 
manipulatives are necessary when the verbal instruction is sufficiently scaffolded, detailed, and 
clear. Second, we also note that this control condition was not entirely gesture free. It is also 
possible that the verbal explanations and the minor gestures the instructor and children produced 
in the control were representationally comparable—but perhaps less precise—to what was 
intentionally produced in the experimental conditions with gesture. For example, when teaching #! to children who were randomly assigned to the control group, the instructor and children used 
their pencils to “cut the number line into two equal parts” by first starting at 0, then moving 
horizontally across the line to pause briefly at #!, which constituted “one equal part.” They then 
moved their pencils horizontally across the line again from #! to end at 1, which constituted “two 
equal parts.” If it is conceded that the movement along the number line from 0 to #! to 1 is, in 
fact, a representational gesture, which was not our original intention when creating the control 
compared to the experimental protocol, this could potentially explain why learning gains were 
present for the pencil and paper-based condition. 
Although we found slight pre- to posttest learning gains on the two transfer tasks, these 
effects did not hold when we used children’s pretest scores on these tasks as a covariate, or when 
we compared across experimental conditions. Because prior work from Hamdan and Gunderson 
(2017) found that number-line, but not area-model, instruction led to transfer on fraction-
comparison problems, we had expected to see similar learning gains. Furthermore, we had 
expected to see increased performance on the fraction-comparison tasks, particularly for the 
children in the gesture- and concreteness-fading conditions (e.g., Novack et al., 2014). It is 
possible, however, that our particular instruction was not robust enough to lead to transfer. The 
reason for this should be explored in future investigations, which we discuss below.  
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Limitations and Future Directions 
It is possible that the area model-estimation and fraction magnitude-comparison tasks 
were too far beyond the children’s Zone of Proximal Development (Vygotsky, 1985) in our 
sample. We worked with first-grade gifted17, second-, second-grade gifted, and third-grade 
instructors to make sure the children in our study had not yet been formally introduced to 
fraction notation or to number-line estimation. Thus, perhaps the instructional lesson contained 
too many learning objectives for children to transfer their knowledge to other problem types. In 
the lesson, children were introduced to fraction notation; definitions for the numerator, 
denominator, and their composition; and partitioning, iterating, and placing fractions across a 0-
to-1 number line.  
Although prior work by Novack et al. (2014) demonstrated the potential for gesture-
based instruction in promoting transfer within the topic of mathematics equivalence, Congdon et 
al. (2018) did not find similar effects within the topic of linear measurement. Thus, as a follow-
up study, we propose to add different tests of transfer. More appropriate transfer problems may 
be number-line related. For example, these items could involve transformations to the spatial 
arrangement of the number line on the pre- and posttests, such as changing the number line’s 
length, orientation (i.e., instead of a left-to-right, horizontal arrangement substitute a bottom-to-
top, vertical arrangement, see Vitale, Black, & Swart, 2013), or endpoints (e.g., test children’s 
performance on 0-to-1 as well as 0-to-2 number lines). 
Another limitation of the study stems from the experimental condition that combined 
manipulatives and gesture, or what we called the concreteness fading-based lesson. We 
acknowledge that this instructional lesson was not a true concreteness-fading scenario that 
                                                        
17Children enrolled in gifted classes were taught according to the curriculum from one grade higher. So, 
for example, children enrolled in a first grade, gifted class were learning second-grade math. 
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followed the stepwise sequence according to Bruner’s (1973) framework (see Fyfe et al., 2014). 
Our study introduced children to fraction notation from the outset, and used gesture as a form of 
concreteness fading after working with manipulatives (Kita et al., 2017). Thus, we believe that 
future work would benefit from not only investigating the efficacy of instruction involving 
concreteness fading—starting with a manipulative, then fading to pictorial representation, and 
eventually to notation—but also systematically testing the effects of gesture within these 
contexts. 
Another area for future research would be to examine the effects of concrete learning 
tools, gesture, and their combination on children’s long-term learning. In an experiment testing 
the effects of gesture, speech, and gesture and speech combined on children’s learning of 
mathematical equivalence, Cook, Mitchell, and Goldin-Meadow (2008) found that children who 
produced gesture during instruction (i.e., those who were not in the speech-only condition) 
tended to retain their knowledge four weeks after instruction. Thus, by adding a delayed posttest 
to instructional lessons as they vary by the tools used or as they incorporate—or do not 
incorporate—concreteness fading, future research could assess how different approaches support 
children’s retention of knowledge, which can be critical in light of children’s long-lasting 
misconceptions rooted in the whole number bias. 
Conclusion 
 Developing children’s proficiency with fractions is important, yet difficult to achieve. In 
this study of the impact of number-line and fraction-notation instruction, we saw rapid and 
significant gains in performance on number line-estimation tasks, but not on transfer tasks, and 
this varied by the specific tool used. Children randomly assigned to the gesture, manipulative-
plus-gesture, and pencil-and-paper conditions significantly improved performance on number 
line-estimation tasks from pre- to posttest. These results suggest that, given the strong emphasis 
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on teaching fractions with the area model, the number-line model may also be a viable and 
successful instructional approach. In addition, the positive effects on children’s learning when 
gesture is available in the instruction (minimally, in the pencil and paper-based condition, and 
more deliberately, in the gesture and manipulative-plus-gesture conditions) suggest that gesture 
is a productive avenue for supporting children’s fraction learning.  
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CHAPTER 5: CONCLUSION 
In this dissertation, I endeavored to leverage the semiotic resources (e.g., Lemke, 2003; 
Chen & Herbst, 2012) of object manipulation and gesture (1) to understand how, when analyzed 
in conjunction with children’s speech, they reveal what children know about fractions; and (2) to 
test how, when used separately and together, they promote children’s learning of fractions. In the 
first study, I explored how children’s mental models about fractions were expressed through their 
speech and gesture. In the second study, I examined how the coordination of speech, gesture, and 
manipulatives revealed children’s fraction understanding. And, in the third study, I presented 
preliminary findings from an experiment that tested how variations in tools across an 
instructional intervention affected children’s learning of fraction-magnitude estimation. In this 
chapter, I review key findings, discuss limitations, and propose future directions. 
Summary of Findings 
As a whole, this dissertation is situated at the junction between developmental 
psychology, cognitive science, and mathematics education. I believe the findings presented in 
Chapters 2, 3, and 4 contribute to extant literature that has not only examined how the resources 
of object manipulation (e.g., Martin & Schwartz, 2005) and gesture (e.g., Swart, Friedman, 
Kornkasem, Black, & Vitale, 2014) can be used to understand children’s developing cognition, 
but also has tested how these resources can be mobilized to support children’s mathematics 
learning (e.g., Congdon, Kwon, & Levine, 2018; Fazio, Kennedy, & Siegler, 2016; Hamdan & 
Gunderson, 2017; Martin & Schwartz, 2005; Novack, Congdon, Hemani-Lopez, & Goldin-
Meadow, 2014; Siegler, Thompson, & Schneider, 2011). 
In the first paper (Chapter 2), I documented variations in children’s mental models 
(English, 1997; Gentner & Stevens, 1983) of fractions by examining their speech and gesture. 
Because prior work had yet to establish what mental models children rely on without any 
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concrete learning materials to work with, I interviewed 26 third- through fifth-grade students by 
asking them open-ended questions such as, “What does the word fraction mean to you?” I found 
that most children described fractions using whole object plus part in both their speech and their 
gestures, but I also discovered that children’s explanations relied on other mental models, such as 
fraction notation, composition and decomposition of number, and number line. Some of these 
models were expressed across modalities, but others were expressed only in speech. This study 
connects to existing work that has explored how speech and gesture exhibit teachers’ as well as 
children’s fraction concepts (Edwards, 2009; Swart et al., 2014). This study also identified 
children’s go-to, relied-upon mental models in a content area where entrenchment of whole 
number knowledge greatly impacts children’s proficiency with fractions (Ni & Zhou, 2005). 
Findings from this study point to the utility of systematically exploring the variability, as 
expressed through mismatches or discordance in speech and gesture (Alibali & Goldin-Meadow, 
1993; Perry, Church, & Goldin-Meadow, 1988), in children’s fraction concepts in relation to 
learning and conceptual change (Alibali, 1999). 
The second study (Chapter 3) compared two children’s use of the semiotic resources 
(Lemke, 2003; Chen & Herbst, 2013) available to them through the lens of multimodal cognition 
(Radford, 2009, 2018). My goal was to analyze how object manipulation and gesture interact—
or do not—during children’s process of problem-solving and explanation. From this study, I 
highlight three important findings. First, by comparing the different approaches that Christina 
and Jenny took to solve the same problem of placing #& on a number line, I presented evidence of 
how differences in children’s prior knowledge were associated with variability in the semiotic 
resources they used. This study examined how the various components of a multimodal system, 
which included manipulatives, gestures, and speech, shifted across our analyses of one child, 
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who appeared to be progressing toward understanding, or knowledge objectification (Radford, 
2009, 2018), to another child, who demonstrated an established level of understanding.  
Jenny, whose knowledge objectification was less developed than Christina’s, relied 
heavily on object manipulation when trying to solve the problem. She cleverly thought to use the 
fraction bars as a tool to partition the number line, but the fixed size of the fraction bars 
constrained Jenny’s attempts to solve the problem successfully. That Jenny saw a 
correspondence between the fraction bars and number line comprises another key finding from 
this paper. Although previous work has examined the effectiveness of using a rectangular area 
model—or tape model—in teaching children fraction-magnitude estimation on the number line 
(Hamdan & Gunderson, 2017; Saxe et al., 2013), Jenny’s case provides evidence that children, 
of their own volition, draw correspondences across these two manipulatives. This suggests that 
fraction bars could serve as a meaningful tool to support children’s development of number-line 
skills. Christina, in contrast, primarily relied on gesture when solving the problem. Of particular 
interest was the actual gesture Christina used, which we referred to as the partitioning gesture, 
which brings us to this study’s third central finding: The gesture Christina produced when 
partitioning and iterating across the number line suggested to us that this specific gesture could 
serve as another resource—similar to the fraction bars, albeit more portable and adaptable—that 
could also support children’s development of number-line skills. 
Motivated by Christina’s gestural strategy of partitioning and Jenny’s manipulative-based 
strategy to attempt partitioning a number line, Study 3 (Chapter 4) examined how these two 
tools—when used separately and together—facilitate children’s learning of fraction-magnitude 
estimation. Results from preliminary data indicated that the short instructional intervention 
promoted children’s learning of number line-estimation. However, it was surprising that all 
conditions, except for the manipulative-based lesson, led to learning—including the pencil and 
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paper-based control. Also, because previous research on mathematical equivalence has found 
that gesture-based instruction leads to increased performance on transfer problems (Novack et 
al., 2014), it was surprising that the experimental conditions involving gesture did not lead to 
generalization, as measured by children’s performance on area-model estimation and fraction-
magnitude comparison. Nevertheless, preliminary results suggested that the number-line model, 
as well as gesture, could each serve as relevant and successful approaches for fraction 
instruction.  
Taken together, these three studies have implications for both theory and practice. 
Theoretically, this dissertation provides further evidence for the theory that abstract mathematics 
concepts are embodied (Alibali & Nathan, 2012; Lakoff & Núñez, 2000) and expressed through 
our speech and our gestures (Alibali & Nathan, 2012; McNeill, 1992; Cooperrider & Goldin-
Meadow, 2017; Lakoff & Núñez, 2000). In addition, the multimodal approach taken across these 
studies contribute to extant theory on the interplay between gesture and speech (Alibali & 
Goldin-Meadow, 1993; Perry et al., 1988) and also manipulatives, gesture, and speech (Lemke, 
2003; Radford, 2018; Roth, 2001).  
Practically, through this research, I hope to provide insights that will guide curriculum 
developers and teachers in deciding whether and how to incorporate manipulatives into 
instruction. In addition, these studies highlight the immense—and relatively untapped—value of 
attending to and encouraging the use of children’s gestures in classroom settings. I have argued 
that by focusing on what children say—both through their mouths and hands—teachers may gain 
a better understanding of what children know. This can become crucial when children do not 
yet—or have not yet developed the language to—express what they know in speech (Alibali, 
1999; Özçalişkan & Goldin-Meadow, 2005; Roth, 2001; Singer, 2017). Thus, by attending to 
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children’s gestures, teachers can expand the tools they have and use to lay a common ground in 
the classroom from which to build new ideas (Nathan, Alibali, & Church, 2017).  
Limitations and Future Directions 
Although this research furthers our understanding of how object manipulation and 
gesture, when examined separately and together, contribute to children’s mathematics learning, 
these studies had several key limitations related to their methods and design. Due to convenience 
sampling, a method that was used to recruit participants in Chapters 2 and 3, I acknowledge that 
the findings from this study are not representative of the entire population (Teddlie & Yu, 2007). 
Furthermore, because these data were gathered in individual interview sessions, I recognize that 
the findings presented in Chapters 2 and 3 may not generalize to typical classroom settings. 
Similarly, the experiment detailed in Chapter 4 also relied on individual instructional sessions 
with children. Accordingly, I recognize that these results may not generalize to children’s 
learning in classroom settings. In light of these limitations, I recommend that future research 
examine how the interplay between children’s object manipulation, gesture, and speech promote 
learning in more typical, and more dynamic, educational environments (e.g., Arzarello, Paola, 
Robutti, & Sabena, 2009; Chen & Herbst, 2013). Future research also would benefit from 
experimentally testing the effects of various learning tools—and their combination—on 
children’s fraction learning in small-group and whole-classroom settings. 
An additional shortcoming across these three studies was the temporality of their 
design—data were collected from participants at one point in time. Chapters 2 and 3 reported 
findings from a cross-sectional interview study with third- through fifth-grade students. 
Similarly, Chapter 4 presented preliminary results from an experiment that relied on a pretest-
intervention-immediate posttest design. Future research would benefit from longitudinal 
approaches. By examining how children’s mental models change over time, within and across 
100 
 
individuals, future research could lend deeper insight into the nature of learning and conceptual 
change (Alibali, 1999; Siegler, 2000) within a mathematical topic that elicits change-resistance 
(McNeil & Alibali, 2005) due to entrenchment in the whole number bias (Ni & Zhou, 2005). 
Similarly, future work would also benefit from multimodal investigations into how children’s 
coordination of object manipulation, gesture, and speech changes over time, as they work toward 
and past knowledge objectification (Radford, 2009, 2018). Such research could expand our 
understanding of the relation between variations in problem-solving strategies and learning 
through a multimodal lens that focuses on speech and gesture (Alibali & Goldin-Meadow, 1993; 
Perry et al., 1988) as well as speech, gesture, and other resources, such as manipulatives or 
diagrams (e.g., Chen & Herbst, 2013; Radford, 2009). Furthermore, future research should also 
test how instruction that varies by tool—object manipulation, gesture, or their combination—
promotes long-term fraction learning beyond the immediate posttest (e.g., Cook, Mitchell, & 
Goldin-Meadow, 2008). 
Conclusion 
In this dissertation, I presented findings from three studies that investigated the role of 
manipulatives, gesture, and their combination in revealing what children know and in supporting 
what children learn—within the mathematical topic of fractions. By studying how children use 
manipulatives and gesture, I aimed to leverage low-cost tools that can potentially enrich student 
learning in all classrooms—and, in particular, those classrooms with few resources. I believe 
these findings contribute to understanding further how these tools support—or constrain—the 
development of children’s flexible and generalizable mathematics knowledge. Taken together, 
these three studies have set the stage from which future research can systematically study how 
different tools, when used separately as well as together, support children’s mathematics learning 
in both traditional laboratory and applied classroom settings. 
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Appendix A 
Interview Protocol: Speech and Gesture Study 
 
Hello! We are interested in finding out how you think about fractions. Some of the things we will 
talk about might not be what you have learned in school. Some of these questions come from 
higher grades than what you’re in now. So, some of the questions might be tricky or hard. I want 
you to know that it’s ok to think these questions are tough. We don’t expect you to have all of 
the answers. 
 
In school, your teachers might want to know the right answer. We don’t care about the right 
answer. Sometimes there isn’t one. We just want to know how you think. 
 
During the study we will talk about fractions, and at the end, you will complete a short math 
worksheet. The study will take 30 minutes or less. Are you ready to get started? 
 
Part I: General Fraction Concepts 
• Have you learned about fractions in math class? 
• What does the word fraction mean to you?  
o If student does not gesture, ask, “Can you show me what you mean?” 
§ Note: Be sure to the area is clear of pencils, papers, etc. We want them to 
rely on their hands 
§ If student expresses confusion, follow-up by asking, “Can you use your 
hands to show me what you mean?” 
o If you like, can you draw something to help me see what the word fraction means 
to you? 
 
• One-half is one example of a fraction. Can you tell me what one-half means?  
o Can you write that fraction out?  
§ If student expresses confusion, follow up by asking, “Write out the 
fraction as a number?” 
o I see that you used a bar here. Can you explain to me what that bar means 
(between the numerator and denominator)? 
 
• If you were to explain what a fraction is to a friend, how would you do it? 
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Appendix B 
Interview Protocol: Choosing from Manipulatives 
 
Specific Fraction Concepts 
• Can you tell me what this fraction is (e.g., unit fraction #&, non-unit fraction 	!), mixed 
fraction "$)? Can you compare these two fractions (e.g., equivalent fractions &' 	and	 $#(	, 
comparing two unit fractions #&  and	 #), and comparing two non-unit fractions	)&  and	 $*	)? If 
they can’t, say “This fraction is called …”  
• What does this fraction mean? OR Is one greater than and one less than or are they equal? 
And how do you know? 
o If student is distressed or gives an incoherent answer, say “I have just a few more, 
but we can move on to the next section if you’d like. Do you want to try more like 
this? Or should we move on?” 
o General rule: Stop when student gives signs that asking the more difficult 
questions would be distressful or not productive. 
• Can you use a drawing to show me what this fraction is/these fractions are?  
o Can you pick one of these objects and use it to explain to me what this fraction 
is/what these fractions are (e.g., fraction bars, counters, number line, and fraction 
circles)? 
o Thank you for sharing your thoughts! Can you explain to me why you chose this 
set of objects and not the others?  
§ OR **If the participant chooses nothing, ask “Could you pick one of these 
and try to show me what a fraction is?  
 
o Can you show me what this fraction is using another set of objects? Why did you 
choose this one next and not the others? 
§ Note to interviewer: Go through the following options based on what the 
children choose.  
• If child chooses fraction circles or set models, then give them 
fraction bars followed by number line. 
• If child chooses fraction bars or number line, give them free 
choice. If they choose something other than the remaining fraction 
bar or number line, then give them that.  
• If child chooses fraction bar and then number line, or vice versa, 
follow by giving them free choice. 
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Appendix C 
Excerpt from Instructional Session 
 
Directions. There are four experimental conditions. You will be told which condition to follow 
before each session. Refer to the table below to see what materials are needed for each condition. 
Across all conditions you will need two number-line worksheets, two pencils, one set of fraction 
cards, and one card holder. Before beginning, make sure the fraction cards are placed in the 
following order [&& , )& , !& , #& , )) , !) , #) , !! , #!] so that, when placed face down, #! is on top, followed by !!, 
and so on. Keep materials by you until the script notifies you to distribute them. 
 
Experimental Condition Materials 
Control Two worksheets each with 3 8-in, 0-to-1 number lines. Two 
pencils. One set for student, one set for experimenter. 
Manipulatives only Two worksheets each with 3 8-in, 0-to-1 number lines. Two sets 
of fraction bars and two pencils. One set of fraction bars, one 
pencil, and one worksheet for student, the same for experimenter. 
Gesture only Two worksheets each with 3 8-in, 0-to-1 number lines. Two 
pencils. One set for student, one set for experimenter. 
Manipulatives + gesture Two worksheets each with 3 8-in, 0-to-1 number lines. Two sets 
of fraction bars and two pencils. One set of fraction bars, one 
pencil, and one worksheet for student, the same for experimenter. 
 
Sit to the left of the student so that both of you are on the same side of a table or desk. Place the 
number-line worksheet in front of you, and place the same worksheet in front of the student so 
that both of you have identical, blank, number-line worksheets to work with. Place the fraction 
cards to your far right face down. Place the card holder between you and the student. 
 
INSTRUCTIONAL SCRIPT 
 
Directions. Below your script is italicized. [Directions for your hand movements/gestures are 
bracketed. Note: Your hand movements/gestures often come before speech. Please pay special 
attention to the order of hand movements/gestures in relation to the script. Key: RH = right hand. 
LH = left hand.] All other directions are bolded. 
 
 
[Point to top number line on your worksheet.] This is a number line.  
 
[Point to the 0. Then say] It starts at zero.   
[Sweep right across the number line on your worksheet. Land on 1. Then say] And ends at one. 
[Take hands off worksheet. Place hands together in front of you.] 
 
You may have already learned that whole numbers have places on the number line. You also may 
have learned that number lines can begin and end with any number.  
 
Today, we will work with number lines that…  
[Point to 0 on top number of your worksheet.] Begin at 0 and  
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[Sweep from 0 to 1. Keep hand pointed at 1. Then say] End at 1. 
  
We will learn that fractions are also numbers that have places on the number line. 
[Take hands off worksheet. Place hands together in front of you.] 
 
Continue to read the script that corresponds to the student’s experimental condition. 
 
Experimental 
Condition 
Script 
Control Let’s see where different fractions go on the number line.  
We will use paper and pencil. 
[Place pencil in front of you at top of your worksheet. Do the same for the 
student.] 
Manipulatives 
only 
Let’s see where different fractions go on the number line.  
We will use these colored bars. 
[Place pencil in front of you at top of worksheet. Place manipulatives to 
the right of your worksheet in order. Use bars for whole, halves, thirds, 
and fourths. See picture below. Do the same for the student.] 
 
 
Gesture only Let’s see where different fractions go on the number line.  
We will use our hands. 
 [Place pencil in front of you at top of worksheet. Do the same for the 
student.] 
Manipulatives + 
gesture 
Let’s see where different fractions go on the number line.  
First, we will use these colored bars.  
Then, we will use our hands. 
[Place pencil in front of you at top of worksheet. Place manipulatives to 
the right of your worksheet in order. Use bars for whole, halves, and 
thirds. See picture below. Do the same for the student.] 
 
 
During this lesson, I will show you how to solve some problems. Then, I will ask you to solve the 
same problems. 
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This number, one half, is a fraction. [Pick up top fraction card. Show to student. Place card on 
holder so that student can see, and you can point to with RH.]  
We can use fractions to name a part of a whole. 
 
Fractions have… [Point to 1 with RH, then say] a top number.  
We call this the numerator. 
[Place RH on desk by your side.] 
 
Fractions also have… [Point to 2 with RH, then say] a bottom number. 
We call this the denominator. 
[Place RH on desk by your side.] 
 
The… [Point to 1 with RH, then say] numerator and the…  
[Point to 2 with RH, then say] denominator work together to make a fraction.  
Fractions tell us how much of a whole we have. 
[Place RH on desk by your side.] 
 
Let’s think about the bottom number. 
[Point to 2 with RH.] The denominator tells us how many same-sized parts are in the whole. 
Same-sized means that the parts are equal. 
For one-half, the whole is divided into two equal parts.  
[Place RH on desk by your side.] 
 
Now let’s think about the top number. 
[Point to 1.] The numerator tells us how many same-sized parts we have. 
For one-half, we have one of two equal parts.  
[Place RH on desk by your side.] 
 
A whole can be many different things. It can be a whole object like a circle or a rectangle.  
A whole also can be this… [Swipe from 0 and end at 1 on your number line, then say] number 
line.  
 
I will show you how to find out where different fractions go on the number line.  
First, watch me solve the problem. Then, we will solve the problem together.  
[Keep fraction card out.]  
 
Experimental 
Condition 
Script 
Control We can use our pencil to cut the whole number line into two equal parts. 
[Pick up pencil with RH. Place pencil at 0 on the top number line of your 
worksheet.]. 
  
[Move pencil right along number line. Land at half. Do not make a hatch 
mark.] One equal part. 
  
[Move pencil right along number line. Land at 1.] Two equal parts. 
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Yes, the pencil cut the whole number line into two equal parts. 
 
Now, let’s find one-half. 
 
[Move pencil back to 0. Land at one-half.] This is one of two equal parts. 
One-half.  
Manipulatives 
only 
We can use these bars to cut the whole number line into two equal parts. 
[Point to your fraction bars.] Which color bars should we use? I see two 
pink bars that are the same size.  
 
Let’s see if these pink bars cut the number line into two equal parts. 
 
[Pick up both pink bars with RH and place them a couple of inches below 
your top number line. Move left bar up under number line with LH so that 
it starts at 0.] One equal part.  
 
[Move right bar up with RH so that it ends at 1.] Two equal parts. 
 
Yes, the pink bars cut the whole number line into two equal parts. 
 
Let’s find one-half. 
 
[Move both bars down again. Move left pink bar directly under number 
line starting at 0.] This is one of two equal parts. One-half. 
Gesture only We can use our hands to cut the number line into two equal parts. [Wave 
RH.]  
 
[Use thumb and index & middle finger to make partition gesture. Use this 
gesture to estimate about where half is.] One equal part. 
 
[Using the same gesture, locking in the same width, move your hands 
right so that your thumb is at half, and your index and middle fingers are 
at 1.] Two equal parts. 
 
Yes, my fingers cut the whole number line into two equal parts. 
 
Let’s find one-half. 
 
[Using the same gesture, move back so that your thumb is at 0, and index 
and middle fingers are at one-half.] This is one of two equal parts. One-
half. 
Manipulatives + 
gesture 
We can use these bars to cut the whole number line into two equal parts. 
[Point to your fraction bars.] Which color bars should we use? I see two 
pink bars that are the same size. Let’s see if they cut the number line into 
two equal parts. 
 
120 
 
[Pick up both pink bars with RH and place them a couple of inches below 
your top number line. Move left bar up under number line with LH so that 
it starts at 0.] One equal part.  
 
[Move right bar up with RH so that it ends at 1.] Two equal parts. 
 
Yes, the pink bars cut the whole number line into two equal parts. 
 
Let’s find one-half. 
 
[Move both bars down again. Move left pink bar directly under number 
line starting at 0.] This is one of two equal parts. One-half. 
 
I will use my pencil to… [Draw larger darker hatch mark. Say] mark where one-half is…   
[Write #!.] I also will write the fraction over the mark. 
 
Now, I will show you how to solve the problem step-by-step, and I will ask you to repeat after 
me. 
 
Experimental 
Condition 
Script 
Control We will work with the first number line on your worksheet. 
 
Let’s use our pencils to cut the whole number line into two equal parts. 
Watch me first. Let’s start at 0. 
  
[Start at 0. Move your pencil right along number line. Land at one-half.] 
One equal part. 
[Move pencil along again. Land at two-thirds.] Two equal parts. 
 
Now, you try. Try using your pencil to cut the whole number line into two 
equal parts. [Wait for student to do the same. Do not correct if wrong.] 
 
Our pencils cut the whole number line into two equal parts. 
 
Let’s find one-half. Watch me first. Let’s start at 0 again. 
 
[Move pencil back to 0. Land at one-half. Do not yet draw hatch mark.] 
This is one of two equal parts. 
 
It’s your turn. Use your pencil to show one of two equal parts. Start at 0. 
[Wait for student to try.] 
 
Great!  
 
This is one of two equal parts. 
This is one-half of the number line.  
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Manipulatives 
only 
We will work with the first number line on your worksheet. 
 
Let’s start by placing these bars below the number line.  
 
Let’s use these pink bars to cut the whole number line into two equal 
parts. Watch me first. Let’s start at 0. 
[Move left pink bar under number line to start at 0.] One equal part. 
[Move right pink bar under number line to end at 1.] Two equal parts. 
 
Now, you try. Try using your bars to cut the whole number line into two 
equal parts [Wait for student to do the same. Do not correct if wrong.] 
 
Our bars cut the whole number line into two equal parts. 
 
[Move bars down again.] Move your bars down again. 
 
Let’s find one-half. Watch me first. Let’s start at 0 again.  
 
[Move left pink bar up so that it starts at 0. Keep LH on left bar.] One of 
two equal parts. 
 
It’s your turn. Use the pink bars to show one of two equal parts. Start at 
0. [Wait for student to try.] 
 
Great!  
 
This is one of two equal parts. 
This bar shows one-half of number line. 
Gesture only We will work with the first number line on your worksheet. 
 
Let’s use our hands to cut the whole number line into two equal parts. 
Watch me first. Let’s start at 0. 
[Make partitioning gesture to start at 0 and end at one-half. Use left index 
finger as a place-holder to mark where one-half is.] One equal part. 
[Move gesture over to start at one-half and end at 1. Use left index finger 
to mark where 1 is.] Two equal parts. 
 
Now, you try. Try using your hands cut the number line into two equal 
parts. [Wait for student to do the same. Do not correct if wrong.] 
 
Our hands cut the whole number line into two equal parts. 
 
Let’s find one-half. Watch me first. Let’s start at 0 again. 
 
[Use partition gesture to show one-half again.] One of two equal parts. 
 
It’s your turn. Use your hands to show one of two-equal parts. Start at 0. 
[Wait for student to try.] 
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Great!  
 
This is one of two equal parts. 
Our hands show one-half of number line.  
Manipulatives + 
gesture 
We will work with the first number line on your worksheet. 
 
Let’s start by placing these bars below the number line.  
 
Let’s use these pink bars to cut the whole number line into two equal 
parts. Watch me first. Let’s start at 0. 
[Move left pink bar under number line to start at 0.] One equal part. 
[Move right pink bar under number line to end at 1.] Two equal parts. 
 
Now, you try. Try using your bars to cut the whole number line into two 
equal parts [Wait for student to do the same. Do not correct if wrong.] 
 
Our bars cut the whole number line into two equal parts. 
 
[Move bars down again.] Move your bars down again. 
 
Let’s find one-half. Watch me first. Let’s start at 0 again.  
 
[Move left pink bar up so that it starts at 0. Keep LH on left bar.] One of 
two equal parts. 
 
It’s your turn. Use the pink bars to show one of two equal parts. Start at 
0. [Wait for student to try.] 
 
Great!  
 
This is one of two equal parts. 
This bar shows one-half of number line. 
 
Good job! [Motion to your hatch mark at one-half.] Use your pencil to mark where one-half is…  
[Point with pencil to where you wrote #!.] Write the fraction over the mark.  
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Appendix D 
Diagnostic Worksheet 
 
 
The Number Line: 0 to 1 
There is a fraction written below each number line. Put a mark on the number line to show where 
the fraction would go for each number line. 
 
 
 
1. 
 
 
 
 
 
 
 
 
 
2. 
 
 
  
0 1 18 
0 1 35 
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The Number Line: 0 to 2 
Put a mark on the number line to show where the fraction would go for each number line. 
 
 
 
3. 
 
 
 
 
 
 
 
 
 
 
4. 
 
 
  
0 2 32 
0 2 15 
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Please read the directions for each of the problems below. 
5. How many fourths make a whole? 
 
 
Answer: __________ 
 
 
6. Luis had two apples, and he cut each apple into fifths. How many pieces of apple did Luis 
have? Select one answer. 
A. !$ 
B.	2 
C.	5 
D.	10 
 
 
7. Shade #) of the rectangle below. 
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8. What fraction of the group of umbrellas below is closed? 
 
A. #) 
B.	)" 
C.	&" 
D.	)& 
 
 
9. The figure below shows that part of a pizza has been eaten. What part of the pizza is still 
there? 
 
A. )' 
B.	)$ 
C.	$' 
D.	$) 
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10. Students in Ms. Johnson’s class were asked to tell why &$ is greater than !). Whose reason is 
best? 
A. Kelly said, “Because 4 is greater than 2.” 
B. Keri said, “Because 5 is larger than 3.” 
C. Kim said, “Because &$ is closer than !) to 1.” 
D. Kevin said, “Because 4 + 5 is more than 2 + 3.” 
 
11. Luis says #& of his candy bar is smaller than #* of the same candy bar. Is Luis right? 
A. Yes, Luis IS right. 
B. No, Luis IS NOT right. 
Draw a picture or use words to explain why you think Luis is right or wrong. 
 
 
  
128 
 
12. In which of the following are the three fractions arranged from least to greatest? 
A.	!" , #! , $%	 
B.	#! , !" , $% 
C.	$% , #! , !" 
D.	$% , !" , #! 
 
13. Which picture shows that )& is the same as *'? 
 
14. Estimate the sum of "' + #!#) =  
A. 1 
B. 21 
C. 2 
D. 19 
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Appendix E 
Pre- and Posttest Measures 
Worksheet A 
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Worksheet B 
 
 
134 
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